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The  hyperoctahedral  group,  denoted  by  W„,  is  the  Weyl  group  of  the  root 
systems  and  C„,  or  equivalently,  the  symmetry  group  of  an  n-dimensional  cube. 

The  purpose  of  this  thesis  is  to  study  the  Schur  Indices  of  the  projective 
representations  of  Wn-  This  job,  by  Schur’s  result,  can  be  reduced  to  studying  the 
ordinary  representations  of  the  representation  groups  of  IU„.  As  is  well  known,  the 
Schur  indices  of  all  ordinary  irreducible  representations  of  Wn  are  always  one.  In 
fact,  there  is  a general  result  about  the  Schur  index  of  Weyl  groups  of  simple  Lie 
algebras,  which  says  that  the  Schur  indices  of  all  ordinary  irreducible  representations 
of  the  Weyl  groups  of  Lie  types  are  always  one.  Because  of  this,  the  Schur  Indices 
of  the  projective  representations  of  Wn  can  be  further  reduced  to  studying  the  spin 
representations  of  the  double  covers  of  Wn-  Our  work  is  divided  into  four  parts. 

We  first  start  by  studying  the  structures  of  the  double  covers  of  Wn  and  we 
show  that  there  are  32  distinct  double  covers  (up  to  isomorphism)  and  these  32 
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double  covers  fall  into  8 families  of  spin  representations.  The  conjugacy  classes  of 
these  double  covers  have  to  be  studied  in  detail. 

Next,  we  develop  some  tools  in  order  to  study  the  spin  representations.  This 
includes  introducing  A.  Turull’s  group  pair  technique,  Stembridge’s  Z2-quotient  tech- 
nique, and  the  Brauer-Wall  group  technique. 

Then,  we  define  and  construct  some  basic  spin  representations  including 
pti,c2  \Ye  also  quote  some  results  about  ordinary  representations 

of  Wn  and  projective  representations  of  Symmetric  groups  Sn- 

Finally,  after  we  construct  all  the  spin  representations  of  Wn  in  terms  of 

for  each  irreducible  spin  representation  x of  W„,  we  give 
a complete  calculation  of  the  division  algebra  associated  with  x-  This  is  our  final 
goal. 

Our  results  enable  us  to  calculate  the  exact  Schur  index  over  Q for  each  spin 
representation  of  the  32  double  covers  of  Wn- 

Thus,  the  exact  calculation  of  Schur  indices  of  projective  representations  of 
Hyperoctahedral  Group  is  completely  solved. 
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CHAPTER  1 
INTRODUCTION 


The  Hyperoctahedral  Group  Wn  is  the  Weyl  group  of  the  root  systems  B„  and 
Cn,  or  equivalently,  the  symmetry  group  of  an  n-dimensional  cube.  For  n > 4,  this 
group  has  a Schur  multiplier  isomorphic  to  Z2  x Z2  x Z2.  This  implies,  in  particular, 
that  the  irreducible  projective  representations  of  Wn  (over  the  complex  field  C)  can 
be  viewed  as  certain  ordinary  representations  of  some  double  covers  of  Wn- 

If  X is  an  irreducible  character  of  some  finite  group  G and  K is  a field  of 
characteristic  zero,  the  Schur  index  mK(x)  X with  respect  to  K is  the  least  positive 
multiplicity  of  x ia  a character  afforded  by  a KG-module.  The  question  is:  what 
are  the  Schur  indices  of  the  characters  of  the  representation  groups  of  W„?  We  give 
here  a method  that  will  tell  us  how  to  describe  the  Schur  index  of  each  irreducible 
character  of  the  representation  groups  (or  equivalently,  the  double  covers)  of  VU„,  for 
all  n. 

A substantial  amount  of  research  has  been  devoted  to  the  Schur  index.  Efforts 
have  been  directed  both  to  finding  its  general  properties  and  to  calculating  it  for 
important  classes  of  groups.  For  example,  Bernard  [1]  showed  that  the  Schur  index 
of  every  character  of  the  Weyl  groups  of  type  E7  and  Es  is  one.  Feit  [2]  gives 
short  proofs  for  the  calculation  of  the  Schur  index  for  many  specific  groups,  including 
Bernard’s  Weyl  groups  of  types  Eq,  Ej  and  E^,,  and  the  representation  groups  of 
Sporadic  Simple  Groups.  Other  authors  have  studied  the  Schur  index  for  groups  of 
Lie  type,  see  for  example  Gow  [4]  or  Morris  [13].  Various  methods  are  available  to 
give  upper  bounds  for  the  Schur  indices,  but  it  is  usually  harder  to  find  their  value 
when  they  are  larger  than  one.  Hence,  for  the  groups  of  Lie  type,  one  can  show  that 
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their  Schur  indices  are  at  most  two  in  many  cases  and  at  most  one  in  some  cases,  but 
the  question  of  exactly  for  what  characters  it  is  one  and  for  which  it  is  two  has  not 
been  consistently  answered. 

Relatively  few  results  have  been  obtained,  since  Schur’s  paper  [20],  on  the 
character  theory  of  the  representations  of  and  Schur  himself  calculated  the 
Schur  indices  of  these  characters  over  the  reals  in  a paper  published  in  1927.  Some 
new  constructions  have  been  found  for  the  characters;  see  for  example  Morris  [13], 
Read  [18].  A Hopf  algebra  approach  along  the  lines  of  Zelevinski  [30]  has  been  taken 
and  some  basic  facts  and  combinatorial  results  on  the  characters  of  the  representation 
groups  of  Sn  and  A„  have  been  proved  in  this  context;  see  for  example  Hoffman  [5]. 
The  combinatorial  theory  of  shifted  tableaux  has  been  used  by  Stembridge  [22]  to  give 
new  proofs  of  Schur’s  basic  results  and  to  obtain  a shifted  analogue  of  the  Littlewood- 
Richardson  rule  as  well  as  some  other  combinatorial  results.  The  construction  of  the 
irreducible  projective  representations  of  over  C has  recently  been  obtained  by 
Nazarov  in  [15]. 

It  is  a well-known  result  that  the  Schur  index  of  the  ordinary  characters  of  the 
symmetric  and  alternating  groups  is  always  one.  Turull  [24]  has  shown  that  the  Schur 
index  of  the  characters  corresponding  to  the  exceptional  covers  of  A„  (for  n = 6, 7) 
is  always  one  over  Q.  For  the  characters  of  the  double  covers  of  and  A„,  a simple 
argument  given  by  Turull  [24]  shows  that  the  Schur  index  is  always  one  or  two.  Turull 
also  gives,  in  another  paper  [25],  a simple  combinatorial  rule  to  calculate  the  Schur 
index  for  all  such  characters. 

It  is  also  well-known  that  the  Schur  index  of  the  ordinary  characters  of  the 
group  Wn  is  always  one  over  Q (see  Young  [29]).  Zelevinski  in  [30]  gave  a new 
approach  to  the  same  problem  by  using  Hopf  algebra.  In  fact,  there  is  a general 
result  about  the  Schur  index  of  the  ordinary  irreducible  representations  of  the  Weyl 
groups  of  Lie  type,  which  says  that  the  Schur  index  of  the  ordinary  representations 
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of  the  Weyl  group  of  Lie  type  is  always  one  over  Q.  Readers  may  refer  to  Bernard 
[1],  Kondo  [11],  Specht  [21]  and  Young  [29]  for  the  details. 

Because  the  Schur  index  of  the  ordinary  characters  of  the  group  Wn  is  always 
one  over  Q,  the  study  of  Schur  index  of  projective  representation  is  reduced  to  the 
study  of  the  Schur  index  of  the  spin  representations  of  the  double  covers  of  Wn- 

Stembridge  [23]  considered  the  hyperoctahedral  groups  Wn  and  gave  construc- 
tion of  all  irreducible  representations  and  characters  of  32  double  covers  of  Wn  over 
the  complex  C.  As  a corollary,  he  also  obtained  the  irreducible  projective  represen- 
tations and  characters  of  the  Weyl  group  of  the  root  system 

Turull’s  technique  [25]  and  Stembridge’s  results  and  methods  [23]  enable  us 
to  calculate  the  Schur  indices  of  the  projective  characters  of  Wn- 

As  is  well-known,  the  Schur  index  is  the  rank  of  a division  algebra  associated 
with  each  character  (The  details  will  be  studied  in  Chapter  Four).  The  purpose  of 
this  dissertation  is  to  calculate  this  algebra  for  each  character. 

This  dissertation  is  organized  as  follows.  It  is  divided  into  four  Chapters. 
Chapter  One:  Introduction,  Chapter  Two:  Preliminaries,  Chapter  Three:  Represen- 
tations and  Chapter  Four:  Schur  Indices. 

Chapter  Two  is  the  foundation  of  the  dissertation.  We  begin  with  studying 
the  double  covers  of  Wn  and  their  conjugacy  classes.  Then  we  study  the  Clifford 
theory  for  Z^-quotients,  and  then  study  the  quaternion  algebras  and  Brauer-Wall 
groups.  Finally,  we  study  the  relations  between  Schur  index  and  group  pairs  and 
some  other  useful  results  are  established  for  later  use. 

In  Chapter  Three,  we  define  and  construct  some  basic  spin  representations 
including  also  quote  some  results  from  the  ordinary 

representations  of  Wn  and  the  projective  representations  of  symmetric  groups.  In 
Chapter  Four  we  show  that  all  the  spin  representations  of  Wn  can  be  constructed 
from  these  basic  spin  representations. 
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In  Chapter  Four,  we  turn  to  the  problem  of  calculating  the  division  algebras 
associated  with  characters  for  each  of  the  eight  families  of  double  covers.  This  task 
can  be  roughly  divided  into  two  phases.  In  the  first  phase,  we  construct  the  modules 
and  describe  the  characters  for  each  of  the  eight  families  of  double  covers,  which 
follows  Stembridge’s  idea  [23]. 
calculate  the  division  algebras 


In  the  second  phase,  we  use  group  pair  technique  to 
for  each  character,  which  follows  Turull’s  idea  [25]. 


CHAPTER  2 
PRELIMINARIES 


This  chapter  is  the  foundation  of  the  dissertation.  We  begin  with  studying 
the  double  covers  of  and  their  conjugacy  classes.  Then  we  study  the  Clifford 
theory  for  Z^-quotients  and  introduce  the  group  pair  technique.  Then  we  study  the 
quaternion  algebras  and  Brauer-Wall  groups.  Finally,  we  recall  some  fundamental 
concepts  about  Schur  indices  and  study  the  relations  between  Schur  index  and  group 
pairs  and  some  other  useful  results  are  established  for  later  use. 

2.1  The  Double  Covers  of  W„ 

Let  si,  S2, ...,  Sn-i,t  denote  a set  of  Coxeter  generators  of  1T„.  We  will  assume 
that  these  generators  are  labeled  so  that  for  the  reflection  representation,  Sj  corre- 
sponds to  interchanging  coordinates  i and  i -h  1,  and  t corresponds  to  changing  the 
sign  of  the  first  coordinate.  Note  that  the  Coxeter  relations 

sf  =t‘^  = (SiSi+i)^  = 1, 


[sj,  Sj]  — 1 ( |i 


j\  > 2) 


[si,t]  = 1 {i>  1),  [sitsi  ^^]  = 1 


constitute  a presentation  of  LE„. 

Let  Ln  = HomiyVni  C^)  denote  the  abelian  group  of  linear  characters  of  1T„. 
An  easy  application  of  the  Coxeter  relations  shows  that  is  generated  by  the  two 
characters  e and  5 defined  by 


^{si)  — —1,  e{t)  — -|-1, 
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This  shows  in  particular  that  ~ Z2  x Z2.  We  summarize  this  in  the 
following  lemma. 

Lemma  2.1.1  Z2  x Z2,  has  four  linear  characters.  Let 

s{si)  = —1,  s{t)  = +1, 

5{si)  — +1,  5{t)  = —1. 

then  the  four  linear  characters  are 

1,£,5,  eS. 

To  study  the  projective  representations  of  Wn  over  C,  by  Schur’s  theory,  we 
can  equivalently  study  the  ordinary  representations  of  the  representation  groups  of 
Wn-  Since  the  Schur  multiplier  of  Wn  is  isomorphic  to  Z2  x Z2  x Z2  for  n > 4,  Z2  x Z2 
for  n = 3 and  Z2  for  n = 2 (cf.  Ihard  and  Yokonuma  [8],  Howlet  [7]),  we  can  further 
reduce  our  problem  to  studying  the  ordinary  representations  of  double  covers  Wn  of 
W 

Actually,  we  are  only  interested  in  the  complex  representations  of  for  which 
(-1)  is  sent  to  -Id.  These  representations  are  called  Zweiter  Art  by  Schur  [20]  and 
they  are  sometimes  also  called  spin  representations.  To  be  consistent,  we  call  them 
the  spin  representations  and  spin  characters  in  this  dissertation. 

For  each  double  cover  W„  of  Wn,  we  have  the  following  extension: 

l-^{-l,l}^Wn^Wn^l  (2.1) 

with  { — 1,1}  C Z{Wn). 

Next  proposition  classifies  all  double  covers  of  Wn- 

Proposition  2.1.2  There  are  32  double  covers  ofWn  and  their  generators  ai,  r have 
the  following  presentations  of  the  form 


£1,  = ^2,  — £1, 
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[(Ji,aj]  = £3  (|i  - j\  > 2), 


[ai,T]  = £4  {i  > 1),  [aiTCTi  ^r]  = £5, 


(2.2) 


for  suitable  El,  £2,  £3,  £4,  £5  = ±1. 


Proof:  Let  cTj  and  r denote  a preimage  of  Sj  and  t in  ( 2.1),  respectively.  It 
follows  from  the  presentation  of  Wn  that 


(cTjCTj+i)^  G {-1,1}, 
[cTi,aj]  G {-1,1}  (I*  -il  > 2), 
[cri,r]  G {-1, 1}  (i  > 1), 


[airo-i  \ t]  G {-1, 1}. 


Let  £2  G { — 1, 1}  such  that  = £2- 

Let  Wn  be  the  double  cover  of  Wn  generated  by  (Ti,(72,  • • • ,cr„_i,r,  (—1).  If 
the  images  of  x,y  of  Wn  are  conjugate  in  Wn,  then  there  exists  an  element  2 G Wn 
such  that  zxz~^  = ±y.  In  particular,  this  shows  that  x^  and  xp'  are  iy„-conjugates. 
Therefore,  since  the  involutions  Si  {i  = l,2,...,n  — 1)  are  all  Wn-conjugates,  then 
the  a}  are  all  IT„-conjugates.  In  other  words,  there  exists  an  element  E\  G {—1,1} 
independent  of  i such  that  of  = £\.  Similarly,  since  the  involutions  SiSj  (|z  — j\  > 2) 
are  all  IT„-conjugates,  then  {oiOjY  i\i-j\  > 2)  are  all  IT„-conjugates.  Since  {oiOj^  = 
[oi,Oj]£i£2,  we  conclude  that  [cri,Oj]  are  all  IT„-conjugates.  Therefore,  there  exists 
an  element  £3  = ±1  independent  of  i and  j such  that  [oi,Oj]  = £3.  By  the  same 
argument  we  can  show  that  there  exist  elements  £4  and  £5  such  that  £4,  £5  G {—1,1}, 
[oi,r]  = £4  (i  > 1)  and  [aircrf^r]  = £5. 

Finally,  we  may  substitute  Oi  1 — > —Oi,  if  necessary,  to  ensure  that  (crjCTj+i)^  = 


£1.  Then  the  presentations  follow. 
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Each  double  cover  oiWn  is  associated  with  five  parameters  a = [£1,^2,  fs,  ^s]- 
We  call  a the  factor  set  of  Wn-  It  is  easy  to  check  that  for  different  factor  sets,  the  cor- 
responding double  covers  are  not  isomorphic.  Therefore,  there  are  32  double  covers 
of  Wn  (up  to  isomorphism).  This  finishes  the  proof  of  the  proposition.  ■ 

From  now  on,  for  each  factor  set  a = [ei,e2,£z,S4,e5],  we  use  the  notation 
Wn  [a]  to  denote  the  double  cover  associated  with  the  factor  set  a.  Sometimes  we 
can  also  explicitly  write  Wn[si,  £2,  £4,  £5]  for  the  double  cover  ITn[Q;]. 

As  Stembridge  [23]  has  shown,  it  is  convenient  to  record  a few  basic  identities 
that  will  be  needed  later.  To  simplify  the  notation  let  us  define 

ti  = Sj_i  • • • S\tSi  • • • Sj_i  G Wn, 

Ti  = (J~\  ■ ■ • (Jf  Vai  • ■ • CTj_i  € Wn[a]  (2.3) 

for  1 < i < n. 

Note  that  ti,t2,-..,tn  are  the  reflections  corresponding  to  the  short  roots  of 
the  root  system  Bn',  we  will  refer  to  them  as  the  “short  reflections”. 

In  the  following,  [x,y]  = xyx~^y~^ , as  above,  denotes  the  group  commutator 

in  Wnfo;]. 

Proposition  2.1.3  Assuming  a = [£\,e2,£z,£4,£^,  we  have 

[cFi,aj]  = £3  (|i  - j\  > 2), 

[cTi,Tj]  = £4  (j  - i^  0, 1), 

[Ti,Tj]  = £5  {i  ^j). 

Proof:  The  first  relation  is  just  one  of  ( 2.1.2).  The  proofs  of  the  second  and 
the  third  relations  are  very  straightforward.  ■ 

For  factor  sets  a = [£i,£2,£z,£4,£b,]  and  (3  = [£\, £'2, £3,  £\,  £'^,  we  can  define 
their  product 

aP  = \£\£\,£2£'2,£z£'3i£4£'4,£s£'p[- 
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The  product  a/?  is  also  a factor  set  of  and  there  is  a double  cover  Wn{oi0\  asso- 
ciated with  a(3. 

In  the  rest  of  this  section,  we  will  develop  the  relations  between  three  groups 
[a],  VF„[/3]  and  W„[o:/3]  in  terms  of  their  modules.  To  do  that,  we  will  take  another 
form  of  presentation  of  double  covers  of  Wn- 
First,  we  give  the  following  definition. 

Definition  2.1.4  Let  A be  a possibly  infinite  abelian  group  and  let  G be  any  group.  Then 
an  A-2-cocycle  of  G is  a function  f : G x G A such  that 

f{xy,z)f{x,y)  = f{x,yz)f{y,z) 


for  all  x,y,z  € G. 

The  2-cocycle  has  close  relation  with  the  theory  of  group  extensions.  Let  W„[a] 
be  a double  cover  of  Wn  associated  with  factor  set  a = Recall  ( 2.1) 

1 {~1)  1}  Rn[<^]  1 

with  {—1,1}  C Z{Wn[a]). 

As  is  well  known  from  the  theory  of  group  extensions,  Wn[o!]  is  determined  by 
the  equivalence  class  of  a 2-cocycle 

f:WnXWn-^{-l,l}. 


Because  of  this,  sometimes,  we  write 

and  denote  Wn  [cn]  by  [/] . Also  we  call  the  2-cocycle  / a factor  set  of  Wn  ■ So  in 
the  rest  of  dissertation,  we  will  use  both  concepts.  They  are  equivalent  in  the  sense 
that  they  determine  (up  to  isomorphism)  and  are  determined  by  the  double  cover. 
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For  each  2-cocycle  / of  W-n,  we  define  lFn[/]  to  be  the  set  {—1,1}  x Wn  and 
the  multiplication  is  given  by 

{iyi,Wi){u2,W2)  = (l'll^2f{'Wl,W2),WiW2)  (2.4) 

where  Ui  € {—1,1}  and  Wi  G Wn  {i  = 1, 2). 

It  is  routine  to  check  that  ( 2.4)  does  define  a group  multiplication. 

Remark  : With  the  new  form  of  presentation  of  Wn[f],  the  element  (l,Sj) 
corresponds  to  cTj  and  the  element  (l,t)  corresponds  to  r. 

For  each  2-cocycle  / of  VF„,  there  is  a double  cover  Wn[f]  associated  with  it. 
Let  a,  (3  be  two  factor  sets  of  Wn  and  / and  /'  be  their  corresponding  2-cocycles.  It 
is  easy  to  check  that  the  product  corresponds  to  the  product  f f.  Now  we  are 
ready  to  state  the  following  theorem. 

Theorem  2.1.5  Let  f and  f be  two  2-cocycles  ofWn-  Let  K be  afield  of  character- 
istic zero.  Let  Vi  be  a KWn[f]-module  affording  the  spin  representation  <F,  let  V2  be  a 
KWn[f']-'naodule  affording  the  spin  representation  , then  the  tensor  product  Vi  ®V2 
affords  a spin  representation  of  Wn[f  f],  denoted  by  via  the  following  action: 

{n,  w){vi  (8>  U2)  = ((1,  w)vi  (g)  (1,  w)v2)  (2.5) 

where  {i',w)  denotes  a typical  element  of  Wn[f  f],  Le.,  u G {—1,1}  and  w G Wn- 

Proof:  It  is  straightforward  to  check  that  ( 2.5)  does  define  a Wn[f f]  action 
on  the  tensor  product  M <S>  N and  is  a spin  representation,  i.e.,  $4'(-l)  = -1. 

■ 

Note  that  the  notation  is  not  the  regular  product  of  two  representations. 
The  regular  product  of  two  representations  involves  two  representations  from  the 
same  group,  but  here  the  two  representations  come  from  two  different  groups.  Since 
we  will  use  this  kind  of  product  quite  often,  it  is  better  to  give  a name  to  it.  Let’s 
call  the  twisted  product  of  4>  and  4^.  This  convention  will  be  also  applied  to 
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their  characters.  If  (p  and  ■0  are  the  characters  afforded  by  $ and  then  we  use 
the  notation  pip  to  denote  the  character  afforded  by  M ® AT  as  a iy„[o!/?]-module, 
and  call  pip  the  twisted  product  of  p and  ip.  The  tensor  product  M ® N with  the 
group  action  defined  in  this  way  is  called  the  twisted  tensor  product  of  M and  N. 
We  will  use  this  convention  without  further  mention  in  the  rest  of  dissertation  unless 
otherwise  particularly  stated. 

Another  thing  I would  like  to  point  out  is  that  the  regular  product  of  two  spin 
representations  of  the  same  group  is  no  longer  a spin  representation,  but  the  twisted 
product  we  just  defined  in  ( 2.5)  is  a spin  representation. 

Remarks:  Given  a spin  representation  of  the  group  IWi[q;]  and  a spin  rep- 
resentation of  group  the  above  construction  allows  us  to  obtain  a new  spin 

representation  of  the  group  Wn[aP].  This  is  a main  technique  we  use  in  Chapter 
Four.  This  enables  us  to  create  many  new  spin  representations  from  given  spin  rep- 
resentations of  groups  fWifa]  and  IT„[/3]. 


Lemma  2.1.6  If  p is  a linear  spin  representation  ofWn[a]  and  x *-5  an  irreducible 
representation  o/ then  the  twisted  product  px  is  an  irreducible  representation 


Proof;  We  show  < px,  PX  >=  1-  Iii  f3,ct 


< VX>  = 


1 


2|W, 


^ px{y,w)px{^^w) 


n 


I/G{  — l,l},weWn 


1 


2|W 


up{l,w)x{I,w)up{l,w)x{l,w) 


n 


i/G{-l,l},w'6Wn 


1 


2|W 


^ p{u,w)x{I,w)p{u,w)x{l,w) 


n 


ue{-i,i},weWn 


1 


2|W 


XI  Xi'^,w)x{l,w) 


n 


t/G{  — l,l},UiGWn 


1 


2|W 


X i^x{'^,w)ux{l,w) 


n 


iye{-i,i},weWn 
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' ue{~i,\},weWn 

= <X,X> 

= 1. 

0 

The  proof  is  complete.  ■ 

2.2  The  Twisted  Algebras  and  Double  Covers  of  Wn 

When  studying  the  projective  representations  of  Wn,  some  authors,  for  exam- 
ple Stembridge  [22]  and  [23],  use  two  different  approaches,  one  is  the  twisted  algebra 
of  Wn,  the  other  is  the  double  covers  of  Wn-  These  two  approaches  are  equivalent 
when  studying  the  projective  representations  of  Wn-  In  this  section,  we  will  clarify 
this  fact  and  establish  the  relations  between  the  twisted  algebras  and  double  covers 
of 

First  we  give  the  following  definition  of  projection  representation. 

Definition  2.2.1  Let  G be  a group  and  K a field.  Let  T : G — >■  GL(n,  K)  be  such 
that  for  every  g,h  £ G,  there  exists  a scalar  f{g,  h)  G such  that 

X{g)X{h)  = X{gh)f{g,h). 

We  call  X a projective  ^.-representation  of  G.  Its  degree  is  n and  the  function 
/ ; G X G — > is  called  the  2-cocycle  of  G associated  with  X. 

That  / is  really  a 2-cocycle  of  Wn  follows  from  the  associative  property  of 
multiplication  of  Wn- 

Thus,  the  2-cocycle  associated  with  a projective  K-representation  is  an  K^- 
2-cocycle  where  denotes  the  multiplicative  group  of  K.  Conversely,  every  K^-2- 
cocycle  is  associated  with  a projective  K-representation.  To  see  this,  we  introduce 
the  twisted  group  algebra  as  follows. 

Let  G be  a finite  group  and  K a field.  Let  / be  an  K^-2-cocycle  of  G.  Let 
K-^[G]  be  the  K-vector  space  with  basis  {cg\g  G G}.  (That  is,  there  is  a specific  basis 
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of  KG-^  which  is  in  one-to-one  correspondence  with  G.)  Define  multiplication  in 
KG-^  by  CgCh  = Cghf{g,h)  and  extend  via  the  distributive  law.  To  establish  that  the 
multiplication  thus  defined  is  associative,  it  suffices  to  check  it  on  the  basis  elements 
Cg  for  g E G.  That  it  holds  then  is  immediate  from  the  definition  of  a 2-cocycle.  The 
finite  dimensional  algebra  KG^  is  the  twisted  group  algebra  with  respect  to  /.  Note 
that  if  / is  the  trivial  -2-cocycle,  that  is,  f{g,h)  = 1,  for  all  g,  h,  we  can  identify 
KG^  with  KG. 

Now  let  / be  an  -2-cocycle  of  G and  let  T be  any  representation  of  the 
algebra  KG-^.  Define  X{g)  = y{cg).  Then  X is  nonsingular  and 


X{g)X{h) 


y{cg)y(cH) 

y{CgCh) 

y {Cghfig,  h)) 

^{gh)f{g,h), 


so  that  T is  a projective  representation  of  G with  factor  set  /. 

Conversely,  if  T is  a projective  K-representation  of  G with  2-cocycle  /,  we 
can  define  a representation  y of  KG-^  by  setting  T(cg)  = X{g)  and  extending  by 
linearity.  In  other  words,  the  projective  K-representations  of  G having  2-cocycle  / 
are  in  a natural  one-to-one  correspondence  with  the  representations  of  the  twisted 
group  algebra  KG-^.  The  situation  is  analogous  to  the  connection  between  ordinary 
representations  and  the  ordinary  group  algebra. 

The  following  fact  is  well-known. 

Lemma  2.2.2  Let  f be  an  -2-cocycle  of  G.  Then  G has  irreducible  projective 
'K.-representations  with  2-cocycle  f. 

From  the  above  discussion,  we  know  that  the  study  of  representations  of  the 
twisted  algebra  of  is  equivalent  to  the  study  of  projective  representations  of 
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Wn-  On  the  other  hand,  we  also  mentioned  earlier  that  the  study  of  projective 
representations  of  Wn  is  equivalent  to  the  study  of  the  ordinary  representations  of 
the  double  covers  of  Wn-  This  implies  that  the  study  of  the  representations  of  the 
twisted  algebra  WW[  is  equivalent  to  the  study  of  the  representations  of  the  double 
covers  Wn  [/] , where  / is  a 2-cocyle  of  Wn  such  that 

f:Wn^{l,-l}. 

The  remainder  of  this  section  will  clarify  this  fact  in  some  detail. 

For  each  2-cocycle  / of  and  a field  K of  characteristic  zero,  there  are  a 
double  cover  VF„[/]  and  a twisted  algebra  KIT/  associated  with  /.  To  establish  the 
relations  between  Wn[f]  and  KIT/,  and  also  to  be  consistent,  we  rewrite  the  twisted 
algebra  KIT/  as  the  set  of  formal  sums 

{ ^ {Xn,,w)\Xnj  e K} 

weWn 

under  the  addition 

{Xy;,w)+  '^{yyj,w)-  {Xyj  + yw,w). 

weWn  wew„  weWn 

The  multiplication  is  defined  to  be 

(Xi,Wi){x2,W2)  = {xiX2f{WiW2),WiW2) 

and  extends  by  the  distributive  property.  The  scalar  action  is  defined  via 

k i^w,w)  - 2Z 

w£Wn  w£Wn 

Obviously  from  the  above  definitions,  the  twisted  algebra  KIT/  contains  a 

subset 

{{u,w)\u  e {-1,  l},w  e Wn} 

which  forms  a group  under  multiplication  and  is  isomorphic  to  1T„[/].  Because  of 
this,  we  have  the  following  theorem. 
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Theorem  2.2.3  There  is  a one-to-one  correspondence  between  the  spin  representa- 
tions ofWn[f]  and  the  representations  of  the  twisted  group  algebra  KIT/. 

Proof:  The  proof  is  straightforward.  ■ 

We  finish  this  section  by  stating  a result  similar  to  Lemma  2.1.1.  Recall  ( 2.1) 

1 { — 1,1}  — > 1T„[q;]  Wn  — > 1. 

The  four  linear  characters  can  be  viewed  as  linear  characters  of  the  double 

cover  IW,[q!].  Therefore,  we  have  the  following  lemma. 

Lemma  2.2.4  For  any  factor  set  a,  the  group  Wnlo!]  has  4 linear  characters 

1,  e,  5,  s5 

which  send  —1  to  1,  such  that 

e{y,  w)  = e{w), 

5{u,  w)  = S{w) 

where  {u,w)  denotes  the  standard  element  of  the  double  cover  1T„[q;],  namely,  u G 

(-1,  l},u;  G Wn- 

Remark  : In  the  above  lemma,  the  left-side  e denotes  the  linear  character  of 
group  IT„[q:]  and  the  right-side  e denotes  the  linear  character  of  group  TT„.  A similar 
explanation  is  applied  to  the  notation  5.  Even  though  we  use  the  same  notation,  it 
is  easy  to  understand  from  the  context. 

The  notations  l,e,5,e6  for  the  four  linear  characters  will  maintain  the  above 
meanings  and  be  used  throughout  the  dissertation  unless  otherwise  mentioned.  The 
1,6, 5,  s5  are  all  the  linear  characters  of  IT„[a:]  except  when  a = [ei,e2, 1, 1, 1],  in  that 
situation,  the  group  IT„[a]  has  8 linear  characters  (see  Section  3.4). 
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2.3  Conjugacv  Classes 

In  this  section,  we  will  classify  the  conjugacy  classes  of  each  group  lVn[<^]  in 
order  to  simplify  the  task  of  describing  the  irreducible  characters. 

We  will  use  P to  denote  the  set  of  partitions;  i.e.,  sequences  of  zero  or  more 
positive  integers  of  the  form  A = (Ai  > ...  > A;).  We  will  use  |A|  to  denote  the  sum 
of  the  parts,  and  /(A)  to  denote  the  number  of  parts.  The  modifiers  E,0  and  D will 
be  used  to  indicate  that  the  parts  should  be  restricted  to  be  even,  odd,  or  distinct, 
respectively.  For  example,  the  notation  DOP  will  thus  refer  to  the  set  of  partitions 
with  distinct,  odd  parts.  Also,  we  will  use  DP~^  (rep.,  DP~)  to  refer  to  the  partitions 
A G DP  for  which  |A|  — /(A)  is  even  (rep.,  odd). 

First,  consider  the  conjugacy  classes  of  Wn-  These  are  indexed  by  ordered 
pairs  of  partitions  (A,  /r)  with  |A|  + |//|  = n.  To  describe  the  members  of  a given  class, 
let  us  identify  1T„  with  the  group  of  rt  x n monomial  matrices  with  entries  chosen 
from  {0, 1,  —1}.  References  to  the  cycles  of  an  element  u € Wn  will  thus  refer  to 
the  cycles  of  the  underlying  permutation  matrix.  We  will  say  that  a cycle  of  u is 
positive  or  negative  according  to  whether  the  number  of  -I’s  in  the  matrix  entries 
of  the  cycle  is  even  or  odd.  In  these  terms,  the  class  indexed  by  (A,//)  consists  of 
those  u)  G Wn  whose  positive  (respectively,  negative)  cycles  have  length  Ai,A2,... 
(respectively,  yui,  y^2, . . .).  We  remark  that  the  values  of  the  linear  characters  e and  6 
on  the  {X,n)-c\ass  are  (— and  (— respectively.  For  further  details, 
see  James  and  Kerber  [10]  or  Section  7 of  Zelevinski  [30]. 

Now,  choose  a particular  VF„-factor  set  a = {e\,e2,Sz,Si,e^  and  let  C{a) 
denote  the  inverse  image  in  VF„[q;]  of  some  VF„-class  C.  If  any  uj  G C{a)  is  conjugate 
to  — cu,  then  C{a)  is  a lT„[Q:]-class;  otherwise,  C(a)  splits  into  two  such  classes. 
Thus,  the  essential  structure  of  the  1T„  [o!]-classes  can  be  inferred  from  the  knowledge 
of  which  pairs  (A,yu)  index  lF„-classes  that  split  in  1T„[q!]. 
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Theorem  2.3.1  For  each  factor  set  a,  the  pairs  of  partitions  (X,p)  that  index  split 
classes  ofWn[<y]  can  be  found  in  Table  I.  The  results  do  not  depend  on  the  first  two 
parameters  e\  and  €2-  So  in  the  Table  we  did  not  include  the  first  two  parameters  for 
each  factor  set. 

The  lists  in  Table  I have  been  broken  up  into  four  columns  according  to  the 
four  possible  values  of  e and  5 on  a given  lT„-class.  For  example,  the  entry  in  the 
fifth  column  for  the  factor  set  [ei,ff2, 1,  —1,  —1]  is  {DOP,  DEP).  This  means  that  if 
{X,  fj)  indexes  a W„-class  with  A = 5 = — 1,  then  the  inverse  image  of  this  class  splits 
in  Wn[s\.,e2, 1,  —1,  —1]  if  and  only  if  the  parts  of  A are  distinct  and  odd  and  those  of 
pL  are  distinct  and  even. 


Table  I 


a 

S — “hlj  ^ 

s — — 1,5  — +1 

6 — “l“l  j 5 — — 1 

e = -\,5  = -l 

[+1,  +1,  +1] 

ip,p) 

(PP) 

(pp) 

ipp) 

[+1,  —1,  +1] 

ipp) 

{EP,  0) 

{DOP,  DOP) 

(0,PP) 

[—1,  +1,  +1] 

{OP,  OP) 

{DP,  DP) 

{OP,  OP) 

{DP,  DP) 

[-1,-1,+!] 

{OP,  OP) 

{DEP,  0) 

{DP,  DP) 

(0,  DEP) 

[+1,  +1,  —1] 

{OP,  0) 

0 

(0,  DP) 

(0,  DP) 

{OP,  0) 

(0,DP) 

{tb,OP) 

{DOP,  DEP) 

{OP,  EP) 

0 

(0,DOP) 

(fi.p) 

1-1, -1,-1] 

{OP,  EP) 

(%p) 

{OP,  EP) 

Proof:  For  the  proof  and  later  use,  we  introduce  the  canonical  element  lo  = 
Uxfj,  indexed  by  (A,/i). 

Define 

(jO  = u}\^  :=  UJ1UJ2  • • • ■ • • 

where  u>i  and  u>[  are 

:=  <7aj_i+l  • • • CTai-2<^ai-l  = Aj  + h Aj), 

^'i  + l ■ ■ ■ <^bi-2Ui  {h  = |A|  + + h Pi). 
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Let  uj  I — > Cj  denote  the  canonical  epimorphism  VL„[q;]  — > Wn-  Then  cDa^ 
belongs  to  the  class  indexed  by  Note  that  coi  (rep.,  a)')  is  a positive  Aj-cycle 

(rep.,  negative  /ij-cycle). 

The  theorem  then  follows  from  the  proof  of  Stembridge’s  Theorem  2.1  [23]. 

■ 

2.4  Clifford  Theory  for  Z^-Quotients 

Let  G be  a finite  group  with  a subgroup  H of  index  2,  and  let  u denote  the 
“sign”  character  of  the  natural  homomorphism  G — > G/H.  Let  K be  a field  of 
characteristic  zero.  If  V is  an  KG-module,  we  will  say  that  V is  self-associate  (with 
respect  to  u)  itV  ~ otherwise,  we  will  say  that  V and  v®V  form  an  associate 

pair  (with  respect  to  v). 

If  V is  self-associate,  there  exists  an  endomorphism  S G G'Z/k(I^)  such  that 

gSv  = u{g)Sgv 

for  all  u G V,  5 G G.  We  will  refer  to  S as  an  z^-associator  of  V. 

We  now  consider  a similar  analysis  for  the  case  in  which  G has  a normal 
subgroup  H such  that  G/H  ~ Z2  x Z2.  The  principal  examples  for  G we  have  in 
mind  are  Wn  and  its  double  covers  VW[a]. 

Let  Ln  — Hom{G/H,  K^)  denote  the  group  of  four  linear  characters  of  G that 
arise  from  the  quotient  of  G by  iL,  and  let  a be  any  factor  set  of  G.  Note  that 
acts  on  (isomorphism  classes  of)  KG“-modules  via  V 1 — > v ®V  {u  ^ Ln)-  We  will 
use  the  notation  Ly  = {i'  E Ln  ■ V ~z>'0l^}to  denote  the  stabilizer  of  V . 

Before  we  go  any  further,  we  like  to  spend  some  time  talking  about  the  def- 
inition of  z/-associator.  In  the  following  we  simply  use  Sy  or  S for  a z^-associator  if 
there  is  no  confusion  from  the  context. 

From  the  definition  of  z/-associator,  we  immediately  have  the  following  results: 

1.  Sy  G End]^i{{V). 


2.  Let  Hi,  be  the  kernel  of  u,  we  have  Sy  € EndQH„{V)- 

3.  Define 

^ = {f  eEndQH{V):gf  = f9,ygeG} 

= {feEndQH{V):gf^-fg,ygeG\Hi,}. 

Then  S'  G and  any  invertible  element  of  Ai  can  be  chosen  to  be  a i/- 
associator  of  V. 

4.  We  need  to  mention  the  differences  between  our  definition  and  Stembridge’s 
definition  in  [23].  All  modules  in  Stembridge’s  definition  are  irreducible  and  the  base 
field  is  C.  So  by  Schur’s  Lemma,  is  always  a scalar  and  S can  always  be  modified 
to  ensure  S'^  = 1. 

This  is  different  from  our  definition.  may  not  always  be  a scalar  since  our 
base  field  is  K (particularly  Q)  not  C.  This  will  become  more  clear  when  we  go  to 
Chapter  Four.  Next,  the  modules  in  our  definition  may  not  be  irreducible.  In  our 
applications,  S can  be  chosen  to  make  sure  S'^  is  a scalar,  but  we  can  not  modify  S 
to  ensure  = 1.  Finally,  assume  51,52  are  two  z/-associators;  even  in  the  situation 
when  both  5i , 5|  are  scalar,  they  may  be  quite  different,  not  like  what  might  be 
expected  that  they  differ  only  by  a square  in 

The  following  result  classifies  the  possible  behaviors  that  can  occur  when  a 
CG^-module  is  restricted  to  CH°‘. 

Theorem  2.4.1  Let  V be  a finite  dimensional,  irreducible  CG°‘-module. 

(a)  If  Ly  = {!},  then  Vh  is  an  irreducible  CH°^-module. 

(b)  If  Ly  = then  Vh  is  the  sum  of  two  irreducible,  non- isomorphic 

CH°‘-modules  (and  similarly  for  Ly  = {1,5}  and  Ly  = {l,e:5}  ). 

(c)  If  Ly  = {1,£:,5,  e5},  and  S,T  ^ GL{V)  are  the  associators  ofV  for  e and 


5,  then  ST  = ±T5.  Moreover, 
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(i)  If  ST  = TS,  then  V is  the  direct  sum  of  A irreducible,  non-isomorphic 
-modules. 

(ii)  If  ST  = —TS,  then  V is  a direct  sum  of  two  copies  of  one  irreducible 
01°“ -modules. 

Proof:  Since  the  base  field  is  C,  we  can  always  find  complex  numbers  a,b 
such  that  (aS)^  = 1,  {bT)^  = 1.  Let  S'  = aS,T'  = bT,  then  S'  and  T'  are  the 
£-associator  and  the  5-associator,  respectively.  In  other  words,  V has  an  e-associator 
and  a 5-associator  in  terms  of  Stembridge’s  definition  in  [23].  Then  results  follow 
from  his  Theorem  3.1.  ■ 

Any  group  G with  a Z^-quotient  has  a two-dimensional  projective  representa- 
tion arising  from  the  fact  that  the  dihedral  group  of  order  8 doubly  covers  Z^.  To  be 
more  precise,  let  0q  : — > PGL2{Q,)  denote  the  projective  representation  obtained 

from  the  reflection  representation  of  the  dihedral  group  modulo  its  center.  We  may 
thus  obtain  a projective  C-representation,  also  to  be  denoted  by  0q,  via 

G G/H  -^Z\—^  GL2{Q). 

In  our  applications,  the  representation  0o  can  be  chosen  to  be  self- associate 
with  respect  to  all  linear  characters  l,e,5,ed.  Let  (I  denote  the  factor  set  of  0q, 
observe  that  if  V is  any  CG“-module,  then  the  twisted  tensor  product  0o  <8>  is  a 
CG^“-module.  Here  0q  <8»  V means  Vj)  ® ^ where  Vo  is  a CG^-module  affording  0q. 
The  following  result  classifies  the  irreducible  constituents  of  0q  ® H. 

Theorem  2.4.2  Let  V be  a finite- dimensional,  irreducible  CG°“ -module. 

(a)  If  Ly  = {l},  then  00  0 is  an  irreducible  -module. 

(b)  If  Lv  = {1,£},  then  00  ® H is  a direct  sum  of  two  irreducible,  non- 
isomorphic CG^°“ -modules  (and  similarly  for  Ly  = cind  Ly  = {1,£(5}  ). 

(c)  If  Ly  = {l,e,5,e5},  then  let  S denote  the  e-associator,  and  T denote  the 


5-associator  for  V . 
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(i)  If  ST  = TS,  the  0o  <S>  V is  a direct  sum  two  copies  of  one  irreducible 
CG^°‘-module 

(ii)  If  ST  = —TS,  the  &o  ® V is  a direct  sum  of  4 irreducible,  non- 
isomorphic -modules. 

Proof:  Since  the  base  field  is  C,  we  can  always  find  complex  numbers  a,b 
such  that  (aS)^  = 1,  (bT)^  = 1.  Let  S'  = aS,T'  = bT,  then  S'  and  T'  are  an 
£-associator  and  a 5-associator,  respectively.  In  other  words,  V has  e-associator  and 
5-associator  in  terms  of  Stembridge’s  definition  in  [23].  Then  results  follow  from  his 
Theorem  3.2.  ■ 

Remark  ; In  this  section  we  defined  the  “associator”  of  a module,  defined 
a special  spin  representation  0q,  and  discussed  the  irreducible  constituents  of  the 
twisted  product  0q  <S>  M where  M is  a CIT„[/?]-module.  We  have  more  to  say  about 
these  definitions  and  the  above  theorems.  We  will  come  back  to  this  subject  in 
Section  3.3. 

In  general,  let  0 be  a representation  of  Wn]/?]  and  also  assume  that  0 is  self- 
dual. Let  V be  any  CIT„[a:]-module,  then  0 ® V is  a CITn[/?o;]-module.  Therefore, 
the  twisted  tensor  product  0 0V  permits  us  to  easily  create  a large  supply  of  repre- 
sentations of  the  double  cover  Wn[^a\.  The  following  result  shows  that  all  irreducible 
representation  of  the  group  Wn[(doc]  are  of  this  form. 

Theorem  2.4.3  Every  irreducible  spin  CWn[Pc(]-module  V is  (isomorphic  to)  a sub- 
module  of  Q <S)  V,  for  some  spin  CWn[ct]-module  V. 

Proof:  Let  x be  an  irreducible  character  of  W„[/?a;]  afforded  by  V and  let  9 
be  the  character  of  IT„[/3]  afforded  by  0.  Then  V'  = 0 0 V is  a CIT„[o;]-module 
affording  the  twisted  product  9x  and  00V'  = 0000V  affords  the  twisted  product 

0{0x)- 


22 


Note  that  V is  a CW„[Q!]-module  and  that  is  a submodule  of  0 0 V.  It 
is  equivalent  to  show  0-  fact,  note  that  9 is  self-dual,  0 = 9.  It  then 

follows  that 

{x,  S^x)  = < &X,  > 

= < ^x, ^x  > 

^ 0. 

This  completes  the  proof  of  the  Theorem.  ■ 

By  Theorem  2.4.3,  a complete  list  of  irreducible  CITn[/^o;]-inodules  can  be 
constructed  by  choosing  one  irreducible  CIT„[Q;]-module  V from  each  L„-orbit,  and 
decomposing  Q 0 V into  irreducible  CIT„[/?Q!]-modules.  In  Chapter  Four,  we  will 
apply  this  technique  to  the  spin  representations  of  the  double  covers  of  Wn. 

2.5  Quaternion  Algebras  and  Brauer-Wall  Groups 

In  order  to  calculate  the  Schur  indices  we  will  need  a limited  amount  of  com- 
putation in  the  Brauer  group.  We  begin  this  section  by  describing  how  to  effectively 
perform  these  computations.  Let  K be  some  field  of  characteristic  zero.  We  denote 
by  Br{K.)  the  Brauer  group  of  K.  If  a,  5 G K^,  we  denote  by  (a,b)  the  class  in 
Br{K)  of  the  quaternion  K-algebra  with  generators  i and  j satisfying  P = a,  p = b 
and  ij  = —ji.  We  record  some  basic  properties  which  can  be  found  in  Chapter  3 of 
Lam  [12]. 

Proposition  2.5.1  Some  basic  properties  of  quaternion  algebras: 

(1)  (a,b)  = (ax^,  by^)  = {b,  a),  if  a,  b,x,y  E . 

f2j  For  a,b  E K^,  (a,  b)  = 1 iff  there  exist  x,y  EK.  with  ax^  -\-  by^  = 1. 

(3)  For  a,b,c  E K^,  (a,  b){a,  c)  = (a,  be). 

(4) ForaEK.^,  (a,  1)  = (o,  — o)  = 1. 
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Proof:  Refer  to  the  appropriate  result  in  Chapter  3,  Section  18.2  of  Lam  [12]. 

■ 

Our  computations  in  some  cases  will  need  some  elementary  results  on  graded 
algebras  and  Brauer-Wall  groups.  So  in  the  following,  we  will  introduce  our  notation 
for  them  and  some  results  which  we  shall  need.  Our  notation  here  follows  mostly 
that  of  Lam  [12].  Thus,  by  a graded  algebra  A over  K we  mean  a Z2-graded  algebra 
over  K.  As  a K- vector  space,  A = Aq®  Ai,  the  direct  sum  of  the  elements  of  degree 
0 with  the  elements  of  degree  1.  The  elements  of  h{A)  — Aq  U Ai  are  called  the 
homogeneous  elements  of  A.  If  a G h{A),  we  write  d(a)  = i if  a E Ai  (i  = 0,1). 
This  degree  function  d is  not  well-defined  at  0,  but,  in  practice,  this  does  not  create 
undue  difficulty.  The  center  Z{A)  is  a graded  sub-algebra  of  A.  The  graded  center 
Z{A)  is  the  graded  sub-algebra  spanned  by  all  c E h{A)  such  that  cs  = (— 

/N 

for  all  s E h{A).  Notice  that  if  s G Ai  and  ^ 0 then  s 0 Z{A).  A central  graded 
algebra  over  K is  one  where  Z{A)  is  one  dimensional  over  K (We  write  Z{A)  = K). 
A simple  graded  algebra  is  one  without  any  proper  two-sided  graded  ideals.  If  in  a 
addition  it  is  a central  graded  algebra  over  K,  we  say  it  is  a central  simple  graded 
algebra  (CSGA)  over  K.  The  tensor  product  A B of  graded  algebras  A and  B 
over  K is  another  graded  algebra  over  K.  We  call  the  same  set  A®  B with  regular 
addition  and  multiplication  induced  by 

(a  ® h){a'  ® b')  = O hh'  (a,  a!  E h{A),  b,  b'  E h{B)) . 

the  graded  tensor  product  of  A and  B,  and  we  denote  it  by  A®B.  The  point  is  that 
the  graded  tensor  product  of  central  simple  graded  algebras  is  necessarily  a central 
simple  graded  algebra.  It  is  easy  to  check  that,  up  to  isomorphism,  ® is  associative 
and  commutative.  a®b  \ — y (— provides  an  isomorphism  A®B  — > B®A. 
A central  simple  graded  algebra  A over  K is  said  to  be  of  even  type  if  A is  a central 
simple  algebra  over  K (as  an  ungraded  algebra).  Otherwise,  we  say  it  is  of  odd  type. 
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Theorem  2.5.2  Let  K fee  a field  of  characteristic  zero  and  A be  a central  simple 
graded  algebra  over  K of  odd  type.  Then  Z{A)  = K 0 Kz,  where  z G A\  and 
z^  — a ^ K^.  The  square  class  of  a does  not  depend  on  the  choice  of  z £ . 

Furthermore,  Aq  is  a central  simple  algebra  over  K and  A is  a direct  sum  of  one  or 
two  central  simple  algebras  over  K(\/o),  each  of  which,  as  an  element  of  Br  (K(-\/a)), 
yields  simply  the  extension  of  scalars  of  Aq,  namely  Aq  ® K{^/a). 

Proof:  The  result  follows  from  Proposition  3.3  , p.86,  and  Theorem  3.6,  p.88, 
in  Lam  [12].  ■ 

Theorem  2.5.3  Let  K fee  a field  of  characteristic  zero  and  A be  a central  simple 
graded  algebra  over  K of  even  type.  Then  there  exists  z e Z{Aq)  such  that  Z{Aq)  = 
K © Kz  and  2^  = a e K^.  The  element  z is  determined  up  to  a scalar  multiple  by 
theses  properties,  hence  the  square  class  of  a is  uniquely  determined.  Furthermore, 
^0  is  the  direct  sum  of  one  or  two  central  simple  algebras  over  K(y^),  each  of 
which,  as  an  element  of  Br  (K(A/a)),  is  simply  the  extension  of  scalars  of  A,  namely 

A (g)  K{^/a). 

Proof:  If  Ai  = 0 then  set  2 = 1 and  a is  a square  in  K \ {0}.  Hence 
K(y^)  = K and  the  result  holds.  If  Ai  7^  0,  the  result  follows  from  Theorem  3.8, 
p.89,  in  Lam  [12].  ■ 

To  every  central  simple  graded  algebra  A over  K,  we  associate  now  a triple 
[A]  = [D,t,a]  G Br{K)  x Z2  x (K^)/(K^)^.  The  invariant  t is  called  the  type  of  A 
and  t = 0 if  is  of  even  type  and  fe  = 1 if  A is  of  odd  type.  If  A is  of  even  type. 
Theorem  2.5.3  defines  a G up  to  a square  and,  similarly.  Theorem  2.5.2  defines 
a G up  to  a square  if  A is  of  odd  type.  This  gives  the  third  coordinate  in  the 
triple  which  is  called  the  quadratic  invariant  of  A.  If  A is  of  even  type,  then  yl  is  a 
central  simple  algebra  over  K (when  the  grading  is  ignored),  so  we  set  D,  the  first 
coordinate  in  the  triple,  to  be  the  class  of  A in  Br(K)  in  this  case.  If  A is  of  odd 
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type,  then  by  Theorem  2.5.2,  Aq  is  a central  simple  algebra  over  K and  we  set  D, 
the  first  coordinate  in  the  triple,  to  be  the  class  of  in  Br{K.)  in  this  case. 

Theorem  2.5.4  The  map  described  above  that  associates  a triple  in  Br(K)  x Z2  x 
(K>‘)/(KX)2  to  every  centrcLl  siuiple  graded  algebra  over  K,  yields  a one-to-one  corre- 
. spondence  between  Br(K)  x Z2  x (K^)/(K^)^  and  BW(K).  Hence  the  group  struc- 
ture on  BW(K)  gives  a group  structure  on  the  set  of  triples  denoted  by  juxtaposition. 
Furthermore,  if  D,E  ^ 5r(K)  and  a,b  E (K^)/(K^)^;  then  the  following  hold: 

(1)  [DA,o][E,l,b]  = [DE{a,b),0,-ab], 

(2)  [D,  0,  a][E,  0,  b]  = [DE{a,  b),  0,  ab], 

(3)  [D,  0,  a][E,  1,5]  = [DE{a,  —b),  l,ab], 

(4)  [T>,0,a]“^  = [T>“^(o,o),0,a], 

(5)  [T»,  l,a]“^  = [D“\l,-a]. 

Proof:  See  Theorem  3.9  and  Theorem  3.10  on  page  119  of  Lam  [12].  ■ 

Lemma  2.5.5  Let  K 6e  a field  of  characteristic  zero,  and  A be  a central  simple 
graded  algebra  over  K of  even  type.  Assume,  as  an  ungraded  algebra,  A ~ Mn{D), 
where  D is  a quaternion  algebra.  Let,  from  Theorem  3.8  of  [12] 

A — \D,  0,  o],  A = Aq  + Ai, 

Z{Aq)  ~ K + iK,  i^  = ae  K^. 

Furthermore,  assume  dimy^A  = 2dimK^o-  Then  there  exists  some  j G Ai  such  that 

ij  = -ji,  f e K" 

and 

Ac^CA(i,j)0(i^f),  CA(i,j)CAo, 

where  {i^,p)  is  a quaternion  algebra  generated  by  i and  j,  and  CA(i,j)  denotes  the 
centralizer  of  i and  j,  which  is  a central  simple  algebra. 
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Proof:  Our  proof  is  based  on  the  proof  of  the  Theorem  3.8  of  Lam  [12].  We 
first  show  that  there  exists  some  j G Ai  such  that  ij  = —ji,  G K^,  so  A contains 
a quaternion  algebra  generated  by  i and  j.  We  need  to  consider  three  cases. 

Suppose  first  a G (K^)^.  By  the  proof  of  Theorem  3.8  of  Lam  [12],  we  may 


assume 


and  identify 


-Ir  0 

0 L 


and 


Aq  — 


X 0 
0 Y 


0 P 
Q 0 


Furthermore,  the  assumption  dimyiA  = 2dim-K,Ao  implies 


n = r s,  and  = 2(r^  + s^). 


It  is  easy  to  see  from  the  above  two  identities  that 


n 

r = s = ~. 

Then  j can  be  chosen  to  be 

0 Ir  \ 

Ir  0 

SO  j exists  in  this  case. 

Suppose  next  that  a ^ (K^)^,  and  the  field  Z{Aq)  = can  be  embedded 

into  D.  By  the  proof  of  Theorem  3.8  of  Lam  [12],  we  may  put  a grading  on  D in 
such  a way  that  i G Do,  = Mn{Do),  and  Ai  = M„(Di).  In  this  way,  since  D is  a 
quaternion  algebra  and  is  embedded  in  A,  the  existence  of  j is  obvious. 
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Finally  suppose  a ^ (K^)^,  and  the  field  Z{Aq)  = K(-ya)  can  not  be  em- 
bedded into  D.  By  the  proof  of  Theorem  3.8  of  Lam  [12],  we  may  assume  that 
A ~ M2m{D)  and  identify  i to  be  a matrix  with  diagonal  blocks  of  the  form 


e = 


Also  we  may  assume  that  Aq  consists  of  matrices  in  block  form  (Mjj),  1 < J < m, 
where  Mjj  are  2x2  matrices,  each  commuting  with  e.  Similarly,  A\  consists  of  {Nij), 
where  Nij  • e = — e • Nij.  Then  it  is  easy  to  see  that  if  we  take  j to  be  the  matrix 
with  only  diagonal  blocks  of  the  form 


1 0 
0 -1 

then  j e Ai,p  G K^.  So  j exists  in  this  case  also.  Thus,  the  proof  of  the  existence 
of  j is  finished. 

Next  by  the  proof  of  Theorem  3.8  in  Lam  [12],  we  have  Aq  = CA{i)-  This 
forces  C^(bi)  ^ Aq.  Since  < i,j  > is  a quaternion  algebra,  by  (iv)  of  Theorem  2.8.3, 
C'a(bi)  is  a central  simple  algebra  and  A ~ CA{i,j)®  < hj  >• 

Thus,  the  proof  of  the  lemma  is  now  finished.  ■ 


Theorem  2.5.6  Let  K.  be  a field  of  characteristic  zero,  A be  a central  simple  graded 
algebra  over  K of  even  type  with  dimy^A  = 2dimKAo,  and  assume  A ~ Mn{D)  where 
D is  a quaternion  algebra  and 

A — {D,  0,  o],  A — Aq  -f-  A\, 

Z{Aq)  = K + iK,  i^  = ae  K^. 

Further  assume  B is  a K.-algebra  and  b is  an  element  of  B such  that  b^  G K^. 
Consider  the  sub-algebra  P of  A®  B,  where  P is  generated  by  Aq®\  and  j ® b,  i.  e., 


P = {Aq®  IJ  ® b) , 


28 

here  j is  the  element  we  found  in  Lemma  2.5.5  above. 

Then  P is  a central  simple  K.-algebra  and 

P ~ CA{i,j)  0 {i^.fb'^). 

Furthermore 

[P]  = D{a,b^) 

in  Br(K). 

Proof:  By  Lemma  2.5.5,  A has  a quaternion  algebra  (i^,j^)  for  some  j G Ai, 
and  a central  simple  algebra  CA{i,j)  Q Aq  such  that  A ~ CA{i,j)  ® and 

[A]  = D{if,p)  in  jBr(K).  This  implies  that  < z 0 1,  j (0  6 >,  a quaternion  algebra, 
is  a sub-algebra  of  P.  Furthermore,  P'  :=  CA{i,j)  0 1,  which  is  isomorphic  to 
CA{i,j),  is  a central  simple  subalgebra  of  P,  and  P'  is  contained  in  the  centralizer  of 
<i0l,j0ft>.  By  a dimension  count  we  get 

P ~ P'0<i0l,j0  5> 

and  consequently 

[P]  = [CA{i,jW,jW,b^) 

= D{a,b‘^) 

in  Br{K). 

The  proof  of  theorem  is  now  complete.  ■ 

Corollary  2.5.7  Under  the  assumptions  of  the  above  Theorem,  if  one  further  as- 
sumes b^  = 1,  then 


< Ao  ® l,j  ® b > ~ A. 
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Proof:  By  the  above  theorem  we  have 

< Ao^lJ  0b  > ~ CA{i,j)  0 

- CA{i,j)0{i^,f)- 

It  then  follows  from  Lemma  2.5.5 

<Ao0lj0b>  ~ CA{i,j)0{'i^,f) 


~ A. 


The  result  is  proved.  ■ 

2.6  Schur  Indices  and  Group  Pairs 

Let  K be  a field  of  characteristic  zero.  Let  x be  an  irreducible  character  of 
some  finite  group  G.  Then  we  denote  by  K(x)  the  extension  of  K by  the  values 
{x(^)  • 9 ^ Let  Xi  = X)  X2,  ■ ■ ■ ) Xr  be  the  distinct  conjugates  of  y under  the 
Galois  group  Gal  (K(x)/K).  The  Schur  index  of  x with  respect  to  K is  the  smallest 
positive  integer  mK(x)  such  that  mK(x)(Xi  + • • • + Xr)  is  a character  afforded  by 
some  KG-module  M.  We  record  a well-known  relationship  between  the  Schur  index 
and  the  Brauer  group  as  follows. 

Proposition  2.6.1  With  the  above  notation,  ruKix)  ”Tk(x)(x)-  Furthermore, 
let  N be  any  K(x)-n2odu/e  with  character  nx,  for  some  positive  integer  n.  Then 
End,K(x)G{l^)  is  a central  simple  algebra  over  K(x)  of  dimension  which  deter- 
mines an  element  of  Br{K.{x))  not  dependent  on  N (which  we  henceforth  denote  by 
[x]^-  //A  is  the  division  algebra  which  also  represents  [x]  then  dimK{x){^)  — ^k(x)^/ 
that  is,  mi(_{x)  is  the  rank  of  A. 

Proof:  See,  for  example,  Lemma  2.1  of  Turull  [24].  ■ 

Remark  : We  will  call  [x]  the  class  of  central  simple  algebras  associated  with 
X,  as  an  element  of  Rr(K(x))- 
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Theorem  2.6.2  Let  K.  be  a field  of  characteristic  zero.  Let  x irreducible 

character  of  some  finite  group  G.  Let  Xi  = ‘ ? Xr  the  distinct  conjugates  of  x 

under  Gal(K(x)/K).  Suppose  m(xi  + • • • + Xr)  can  be  afforded  by  a ~K.G -module  M , 
where  m is  a rational  integer,  then 

Ag{M)  End-i^ai^) 

is  a simple  K.-algebra  with  Z{Ag{M))  ~ K(x)- 

Furthermore,  Ag{M)  can  be  viewed  as  a central  simple  algebra  owerK(x)  and 
[x]=Ag{M)  in  Sr(K(x)). 

Proof:  This  follows  immediately  from  above  proposition.  ■ 

Remark  : We  will  call  Ag{M)  :=  EndKoiM)  the  simple  algebra  associated 
with  character  x- 

In  the  rest  of  the  dissertation,  we  will  frequently  use  the  notation  Aq{M)  for 
Ag{M)  where  M is  a QG-module. 

It  is  the  purpose  of  this  dissertation  to  explicitly  calculate  [x],  for  all  spin 
characters  x of  W„[a].  This  turns  out  to  be  Ao{M),  viewed  as  a central  simple 
algebra  over  K(x),  as  an  element  of  Brauer  group  Rr(K(x))-  Furthermore  we  can 
calculate  the  rank  of  the  division  algebra  corresponding  to  [x]-  (This  rank  turns  out 
to  be  always  1 or  2.) 

Let  Hi  be  the  kernel  of  e,  then  Hi  is  a subgroup  of  Wn[a;]  of  index  two. 
Similarly,  if  H2  is  the  kernel  of  S,  then  H2  is  another  subgroup  of  VF„[q;]  of  index  two. 
So,  it  is  convenient  for  us  to  introduce  the  following  definition. 

Definition  2.6.3  A group  pair  is  a pair  {G,  H)  where  G is  a finite  group  and  H is 
a subgroup  of  G of  index  two.  We  may  write  G for  the  group  pair  (G,  H)  if  H is 
understood  from  the  context. 
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Let  e denote  the  “sign”  character  of  G with  respect  to  the  subgroup  H,  and 
let  X be  any  irreducible  (complex)  character  of  G.  Then  we  have  the  following  simple 
result. 

Lemma  2.6.4  With  the  above  notation,  x\h  is  irreducible  if  and  only  if  x *5  not 
self-associate,  i.e.,  ex  ^ X- 

Proof:  If  x\h  = 0 E Irr{H),  by  Gallagher’s  Theorem  (6.17  of  Isaacs  [9]  ), 

7^  X- 

Conversely,  assume  ex  X>  we  want  to  show  x\h  is  irreducible.  Suppose  not, 
by  Clifford’s  theorem,  we  have 

x\h^9  + 9',9^9'  eIrr{H) 

such  that  9 and  9'  are  C-conjugate.  It  follows  that  H = Ig{9).  Therefore,  by 
(6.11)  of  Isaacs  [9],  x is  the  only  irreducible  character  of  G with  [x|//)^]  7^  0-  Since 
{sx)\h  = x\h,  we  must  have  x = ex,  a contradiction. 

The  proof  is  now  complete.  ■ 

Definition  2.6.5  Let  {G,  H)  be  a group  pair  and  let  M be  any  'KG-module.  We 
denote  by  A{M)  the  following  graded  K.-algebra:  Ts  an  ungraded  algebra  A{M)  = ■ 
EndKniM)-  Furthermore  A{M)o  = EndicoiM)  and  A{M)\  = {/  G A{M)  : if  x G 
G\H  then  xfx~^  = “/}• 

Lemma  2.6.6  Let  {G,  H)  be  a group  pair  and  let  M be  an  irreducible  KG-module. 
Let  m{xi  + . . . + Xr)  (where  x — Xi)  ■ • • > Xr  nre  irreducible  characters  of  G)  be  the 
character  afforded  by  M.  Then  A{M)  is  a simple  graded  K -algebra.  Furthermore, 
A{M)  is  a central  simple  graded  K-algebra  if  and  only  if  K(x|/r)  = K (that  is, 
X{h)  G K/or  all  he  H). 


Proof:  This  is  just  Lemma  3.4  of  Turull  [25].  ■ 
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Definition  2.6.7  Let  {G,  H)  be  a group  pair  and  let  x be  some  irreducible  character 
ofG.  We  say  that  a K.G-module  M is  x-Quasihomogeneous  if  the  character  (p  afforded 
by  M is  such  that  (p\h  is  a rational  multiple  of  x\h- 

Theorem  2.6.8  Let  {G,  H)  be  a group  pair  and  let  M ^ 0 be  a 'K.G-module.  Then 
A[M)  is  a central  simple  graded  K -algebra  if  and  only  if  M is  x-Q'^O'Sihomogeneous 
for  some  irreducible  character  x of  G. 

Proof:  This  is  just  Theorem  3.6  of  Turull  [25].  ■ 

Corollary  2.6.9  Let  (G,  H)  be  a group  pair  and  let  x be  an  irreducible  character  of 
G.  Suppose  that  K(x|/f)  = K.  Then  the  element  in  BW{K)  corresponding  to  the 
central  simple  graded  algebra  A{M),  where  M ^ 0 is  a x-Quasihomogeneous  KG- 
module,  is  independent  of  M.  This  element  of  BW{K)  is  denoted  by  [[xjj. 

Proof:  This  is  just  Corollary  3.7  of  Turull  [25].  ■ 

The  invariant  []x]]  describes  the  invariant  [x]  of  Proposition  2.6.1,  and  hence 
the  Schur  index  mK(x)>  for  the  irreducible  character  associated  with  x-  We  detail 
this  in  the  next  proposition. 

Proposition  2.6.10  Let  (G,H)  be  a group  pair  and  let  x be  an  irreducible  char- 
acter of  G with  K(x|ir)  = K.  Let  [D,t,a]  be  the  triple  associated  with  [[x]]  in 
Corollary  2.6.9.  Then  exactly  one  of  the  following  holds: 

(1)  ex^  Xff  = ^ and  [x]h]  = D.  Denote  ex  by  x! ■ Then  K(x)  = K(x')  = 
K{y/a).  Furthermore,  [x]  = [x1  — D ® K{^/a)  in  Br  (K(-ya)). 

(2)  ex  = XA  = l,K(x)  = K and  [x]  = D in  Br{K).  Let  x\h  — 0\  + ^2- 
Then  Ox  ^ 62  are  irreducible  characters  of  H and  K(^i)  = K(^2)  = K(\/o)  and 
[0i]  = [82]  = D®  K(^)  in  Br  (K(^/H)). 


Proof:  This  is  just  Proposition  3.8  of  Turull  [25].  ■ 
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2.7  Group  Pairs  with  a Distinguished  Central  Involution 

The  groups  we  are  interested  in,  namely  G = lT„[o;],  not  only  have  a distin- 
guished subgroup  H = ker{e)  of  index  two,  making  (G,  H)  a group  pair,  but  also 
they  have  a distinguished  involution  Turull  [25]  considered  this  case,  gave  a 

general  definition,  developed  some  fundamental  properties  along  this  line,  and  used 
this  technique  effectively  to  compute  the  Schur  indices  for  all  spin  characters  of  dou- 
ble covers  of  the  symmetric  groups  Sn-  We  are  going  to  use  the  same  technique  all 
the  time  to  study  the  spin  representations  of  double  covers  of  in  this  dissertation. 
To  make  our  dissertation  to  be  self-contained  and  much  easier  to  read,  we  carry  over 
the  whole  Section  4 of  Turull  [25]  to  here. 

Let  {G\,Hi)  and  (G2,H2)  be  group  pairs  with  a distinguished  central  invo- 
lution. We  define  GiV  G2  to  be  the  group  with  the  following  properties;  Gi  and 
G2  are  (isomorphic  to)  normal  subgroups  of  G\  V G2  and  G1G2  = Gi  V G2  and 
Gi  n G2  = {1,-1}.  Furthermore,  if  gi  € Gi  and  ^2  £ G2  then  giQ2  = g29i  un- 
less both  gi  ^ Hi  and  ^2  ^ H2,  in  which  case  gig2  = (— l)p2Pi-  The  subset  {gig2  £ 
G1VG2  : either  both  gi  G Hi  and  ^2  ^ H2  or  both  gi  ^ Gi\Hi  and  g2  ^ G2\H2)  of 
Gi  V G2  is  a distinguished  subgroup  of  index  two  of  Gi  V G2 , and  — 1 is  a distinguished 
central  involution,  so  that  we  view  Gi  VG2  as  a group  pair  with  a distinguished  central 
involution.  The  existence  of  Gi  V G2  is  easily  verified,  but  an  explicit  construction 
of  Gi  V G2  is  needed  and  given  in  the  next  proposition.  It  is  clear  that  Gi  V G2  is 
uniquely  determined  (up  to  isomorphism)  by  the  group  pairs  with  involution  Gi  and 
G2,  and  that  the  operation  V is  commutative  and  associative  (up  to  isomorphism). 
Furthermore,  if  a = [1,1,  —1, 1, 1]  and  A,  g.  are  partitions  such  that  |A|  -h  \g\  = n,  say 
|A]  = k,\g\  = n — k,  then  Wk,n-k[(^]  = Wfc[o;]  V Wn-k[c(]  (we  will  explain  and  prove 
this  below,  see  Theorem  3.5.10). 

Proposition  2.7.1  Let  (Gi,Hi)  and  {G2,H2)  be  group  pairs  with  distinguished  cen- 
tral involution  —1.  Fori  = 1,2,  let  Mi  be  a K.Gi-module  with  character  Xi  such  that 
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(— 1)  • V = —V  for  all  V G Mj.  Then  there  exists  a K(Gi  V G 2) -fnnodule  M\  V M2  with 
character  Xi  V \2  where,  for  g\  G G\  and  Q2  G G2, 


(Xi  V X2){gi92) 


0 if  either  gi  ^ H\  or  ^2  ^ H2, 

‘^Xi{gi)X2{g2)  if  both  gi  G Hi  and  92  e H2. 


Proof: We  begin  by  giving  a convenient  construction  of  Gi  V (j2-  Let  D be 
the  dihedral  group  of  order  8,  generated  by  ti  and  T2  where  rf  = 1,T2  = 1,  {^1X2)'^  = 
— 1 and  (—1)^  = 1.  The  group  Gi/Hi  is  isomorphic  to  < ti  > D' /D'  and  the 
group  G2IH2  is  isomorphic  to  < T2  > D' /D'\  so  we  have  a group  homomorphism 
(f  : Gi  X G2  ^ D/D'  such  that  ker(<^)  = Hi  x H2  and  (f{gi,  1)  = tiD'  if  G Gi\Hi 
and  (^(1,^2)  = X2D'  if  92  ^ G2\  H2.  We  use  the  bar  convention  for  the  projection 
map  D — >■  D/D' . We  define  the  following  subgroup  of  Gi  x G2  x D: 


r = {{9i,92,x)  eGi  XG2X  D \ ip{gi,92)  = a^}- 

Now  r is  a normal  subgroup  of  index  4 of  Gi  x G2  x D.  Let  H be  the  subgroup 
of  r generated  by  (— 1,— 1,1)  and  (1,— 1,— 1).  Then  H is  a normal  subgroup  of  L 
of  order  4.  The  monomorphism  Gi  — )•  F,  defined  hy  g {g,  l,ri)  if  5 G Gi  \ iFi 
and  g (^,1,1)  if  S'  G Hi,  projects  to  a monomorphism  Gi  T/S.  Similarly, 
from  g — > (l,s,  T2)  for  s ^ ^2  \ H2,  we  obtain  a monomorphism  G2  — >•  F/E!.  It  is 
straightforward  to  check  that  this  provides  an  isomorphism  F/E  ~ Gi  V G2.  The 
distinguished  involution  is  the  coset  of  any  one  of  (— 1, 1,1),  (1,-1, 1)  or  (1,1,— 1). 
The  distinguished  subgroup  of  index  two  of  F/E  is  fl/E  where 

Q _ { {gi^92,x)  G F : either  both  Si  ^ Hi  and  g2  ^ H2  1 
\ or  both  Si  ^ Hi  and  g2  ^ H2  J 

Let  N be  an  irreducible  faithful  KG-module.  Then  its  character  if  is  such 
that  '0(1)  = 2,  '0(— 1)  = —2  and  ip{x)  = 0 if  a;  G G \ D'.  Since  the  subgroup  of 
GL(2,  K)  generated  by 

(0-1)  (10) 
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is  isomorphic  to  D,  the  module  N exists  over  any  field  K of  characteristic  zero.  The 
tensor  product 

Ml®  M2®  N 

is  a K(Gi  X G2  X D)-module,  which  we  restrict  to  a KT-module.  Since  for  —1  G 
Gi,  (—1)  • V = —V  for  all  v E M{  and  for  —1  G D,  (—1)  • v = —v  for  all  v E N,  E,  acts 
trivially  on  Ml® M2 So  we  view  Mi®M2®A^  as  a K[Gi  VG2]-module.  We  denote 
this  module  by  Mi  V M2.  The  character  Xi  ® X2  <S>  V'  of  the  K(Gi  x G2  x £))-module 
Ml  ® M2  ® N is  given  by 

iXi®  X2®  {91,92,  x)  = Xi{9i)X2{92)'iI^{x) 

for  all  Qi  E Gi,  g2  E G2  and  x E D. 

Since  V’(^)  = 0 whenever  x E D \ D',  it  follows  that  if  {9i,92,x)  E F,  (xi  ® 
X2  ®'4’){9\,92,x)  = 0 unless  {91,92)  G Mi  x M2.  Furthermore,  if  {91,92)  G Mi  x M2 
then  {91,92, 1)  G r and  (xi  ®X2®  '4^){9i,92, 1)  = 2xi(5i)X2(^2)-  We  set  Xi  V X2  to 
be  the  character  of  M\  V M2.  Then  the  rnonomorphisms  G\  — >■  F/H  and  G2  F/S 
and  the  previous  computation  yield  the  stated  values  of  Xi  V X2  on  Gi  V G2-  This 
concludes  the  proof  of  the  proposition.  ■ 

Remark.  From  the  construction  of  characters  Xi  V X2,  we  see  that  the  op- 
eration V,  on  modules  or  on  characters,  is  commutative  and  associative  (up  to  ap- 
propriate isomorphisms).  Hence  we  can  define  (Gi  V • • • V Gr)-modules  of  the  form 
Ml  V • • • V Mr.  These  are  closely  related  to  the  Clifford  products  mentioned  by 
Stembridge,  p.l04  in  [22]. 

Theorem  2.7.2  Let  (Gi,Mi)  and  (G2,M2)  be  group  pairs  with  distinguished  central 
involution  —1.  For  ^ = 1,2,  let  Mi  be  a ¥LGi-module  with  character  Xi  such  that 
(— 1)  • u —V  for  all  V E Mi.  Then,  as  graded  algebras 

A{Mi  V M2)  ~ A{Mi)®A{M2)®K[z\, 

where  K[i]  is  the  two-dimensional  graded  algebra  with  (K[i])i  = Kz  and  F = —1. 
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Proof:  This  is  just  Proposition  4.1  of  Turull  [25].  ■ 


Corollary  2.7.3  Let  {Gi,Hi),i  = l,...,r  (with  r >2),  he  group  pairs  with  distin- 
guished central  involution  —1.  For  i = 1,  ...,r,  let  'ipi  be  an  irreducible  character  of  Gi 
such  that'tpi{—l)  = and'K{'ipi\Hi)  — K.  Let  Mi  ^ 0 be  a'lfii-quasihomogeneous 

K-Gi-module  and  let  Xi  be  the  character  afforded  by  Mi.  Then,  for  gi  G Gi, 


(Xi  V • • • V Xr){gi,  • • • ,9r) 


0 if  ^ Hi,  for  some  i, 

• • • Xr{9r)  if  9i  e Hi,  for  all  i. 


Furthermore,  there  is  some  irreducible  {Gi  V • • • V Gr) -character  ip  with  the  property 
that  Ml  V • • • V Mr  is  ip-quasihomogeneous.  For  any  such  ip,  ip{—l)  = —'0(1) 
ip{9)  G K whenever  g is  in  the  distinguished  subgroup  of  index  two  of  G\\/  •••  W Gr- 
in addition. 


[[0]]  = [[0i]]®---®M®(K[z]) 


r— 1 


Proof:  This  is  just  Theorem  4.3  of  Turull  [25].  ■ 

The  above  corollary  associates  to  the  collection  of  irreducible  characters  ipi, . . . , 
ipr  an  irreducible  character  ip  defined  up  to  multiplication  by  the  irreducible  char- 
acter of  Gi  V • • • V Gr  whose  kernel  is  the  distinguished  subgroup  of  index  two,  and 
gives  a formula  for  [[0]].  This  formula  suggests  that  we  define  a new  operation 
V on  BW(K)  by  V 5 = A(^B^K\i]  for  A,B  e BW{K).  With  this  notation, 

[[0]]  = [[0i]]  V--- V[[0,.]]. 


Proposition  2.7.4  The  operation  V yields  as  abelian  group  structure  on  J51T(K). 
The  map 

^ : {BW{K),  ®)  {BW{K),  V) 

defined  by 


ip{A)  = Am[j], 


37 


where  K[j]  is  the  two-dimensional  graded  algebra  with  (K[j])i  = Kj  and  y = 1 
is  a group  isomorphism.  Furthermore,  when  transported  to  triples,  the  V operation 
satisfies  the  following,  where  D,  E E Br(K)  and  a,b  ^ (K\{0})/(K\{0}f; 

(1)  [D,  1,  a]  V [E,  1, 6]  = [DE{a,  b),  1,  ab]. 

(2)  [D,  0,  a]  V [E,  0,  b]  = [DE{a,  b),  1,  —ab]. 

(3)  [D,  0,  a]  V [E,  1,  b]  = [DE{—a,  b),  0,  ab]. 

(4)  [1, 1, 1]  is  the  identity  for  V. 

(5)  [D,0,a]~^  = [D~^,0,—a]  ( inverse  under  V). 

(6)  [D,  1,  a]“^  = [D~^{a,  —1),  1,  a]  ( inverse  under  V). 

Proof:  The  class  in  BWfK.)  of  the  central  simple  graded  algebra  K[j]  is 
described  by  the  triple  [1,1,1],  and  that  of  K[i]  is  described  by  [1, 1,  —1].  Now  by 
Theorem  2.5.4, 

[1,1,1][1,1,-1]  = [1,0,1], 

and  [1,0,1]  represents  the  identity  of  (SVT(K),®).  Hence,  is  an  isomorphism. 
The  formulas  (1)  through  (6)  follow  from  this  and  the  corresponding  ones  in  Theo- 
rem 2.5.4,  together  with  the  definition  of  V.  ■ 

2.8  Fundamental  Algebraic  Results 

In  this  section,  we  quote  some  algebraic  results  which  will  be  used  throughout 
the  dissertation. 

Theorem  2.8.1  If  A,B  and  C are  K.-algebras,  then  B ® C — A if  and  only  if  A 
contains  subalgebras  B'  and  C such  that 

(i)  B'  B and  C C as  K.-algebras, 

(a)  C C Ca{B),  and 

(Hi)  there  exists  basis  {xi  : i G /}  of  B'  and  {yj  : j G J}  of  C such  that 
{xiPj  : {i,j)  E I X J}  is  a basis  of  A. 

If  A is  finite  dimensional,  then  (Hi)  can  be  replaced  by 
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(iv)  A is  generated  as  an  K.-algebra  by  B'  U C and  dimA  = {dimB){dimC). 

Proof:  See  Proposition  C in  Section  9.2  of  Pierce  [17].  ■ 

Theorem  2.8.2  Let  B and  C be  subalgebras  of  the  finite  dimensional  K.-algebra 
A such  that  C C Ca{B)  and  B is  a central  simple.  The  following  conditions  are 
equivalent. 

(i)  A = BC. 

(a)  dimyiA  = {dim-K_B){dim-K.C) . 

(Hi)  The  inclusion  mappings  of  B and  C into  A induce  an  isomorphism 

B iSi  C ^ A, 

here  BC  denotes  the  product  of  two  subalgebras  of  A. 

Proof:  See  Proposition  a in  Section  12.4  of  Pierce  [17].  ■ 

Theorem  2.8.3  Let  B be  a simple  subalgebra  of  the  finite  dimensional  central  simple 
K.-algebra  A.  Then 

(i)  Ca{B)  is  simple. 

(a)  [dimi!iB){dim-i<iC a{B))  = dimY.A. 

(Hi)  Ca{Ca{B))  = B. 

(iv)  If  B is  central  simple,  then  Ca{B)  is  central  simple,  and  A = B®Ca{B). 

Proof:  See  the  theorem  on  page  232  of  Pierce  [17].  ■ 

Theorem  2.8.4  Assume  R is  a commutative  ring  with  unity  1.  Let  A be  a right  or 
left  semi-simple  Artinian  R-algebra. 

(i)  There  exist  natural  numbers  n\,n2, ...,  Ur  and H- division  algebras  Di,  D2, ...,  Dr 
such  that 


A ~ {Di)  0 Mfi2 {D2)  0 ...  0 (Dr). 
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(a)  The  pairs  {rii,  Di), {ur,  Dr)  in  (i)  are  uniquely  determined  (up  to  iso- 
morphism) by  A. 

(in)  Conversely,  if  ni,U2,  ...,nr  G N and  D\,  D2,  Dr  are  division  algebras 
over  R,  then  0 Mn^{D2)  0 •••  0 Mn^Dr)  is  a right  or  left  semi-simple  R- 

algebra. 

Proof:  See  the  Theorem  in  Section  3.5  of  Pierce  [17].  ■ 

Corollary  2.8.5  Let  A = (x,  y)  be  a f-dimensional  K.-algebra,  where  is  a field  of 
characteristic  zero,  generated  by  x and  y such  that 

xy  = yx,  x^  = a E K^,  y^  = b E K^. 

Here  A is  a direct  sum  of  fields.  Furthermore,  let  F be  any  one  of  the  summands, 
then 

F ~ K (xA,  ^/6)  . 

Proof:  By  Theorem  2.8.1,  we  get 

A ~<  X > ® < y > . 


Note 


< X >~ 


Q 

Q0Q 


Similarly 


if  x^  is  not  a square  of 
otherwise. 


if  is  not  a square  of  K ^ 
otherwise. 


We  conclude  that  is  a direct  sum  of  fields.  Therefore,  A is  semisimple. 


Let  F be  one  of  the  summands  of  A.  Then  F is  generated  by  the  image  of  the 
projection  map  from  A to  F.  It  follows  immediately 


The  proof  is  now  complete.  ■ 


CHAPTER  3 
REPRESENTATIONS 


In  this  chapter,  we  define  and  construct  some  basic  spin  representations  in- 
cluding p£i,e2^  ^ei,£2  \Yg  g^igQ  quote  some  results  from  the  ordinary 

representations  of  IT„  and  the  projective  representations  of  Symmetric  groups.  We 
show  in  Chapter  Four  that  all  the  spin  representations  of  1T„  can  be  constructed  from 
these  basic  spin  representations.  Finally,  in  this  chapter,  we  study  the  structures  of 
the  algebras  associated  with  the  twisted  product  of  two  or  three  modules.  These 
results  are  directly  applied  in  Chapter  Four  and  greatly  simplify  the  calculation  of 
the  algebras  associated  with  the  irreducible  spin  representations  of  the  double  covers 
of  the  group  1T„. 

3.1  The  Ordinary  Representations  of  W„ 

In  this  section,  we  will  recall  the  definition  of  the  irreducible  representation 

of  Wn  and  quote  some  basic  properties  related  to 

For  each  partition  A of  n,  let  denote  the  irreducible  representation  of 

Sn  indexed  by  A,  and  let  denote  the  corresponding  character.  The  irreducible 

representations  of  Wn  are  indexed  by  ordered  pairs  of  partitions  (A,  /j)  with  |A|-|- 1/^|  = 

n (e.g.,  see  Zelevinski  [30]).  We  will  write  X^’^  for  the  representation  and  for 

the  character  indexed  by  the  pair  (A,/x).  In  the  usual  parameterization,  is  the 

extension  of  A^  from  Sn  to  Wn  in  which  the  short  reflections  ti  act  trivially,  and 

A0,a 

is  the  product  5X^.  In  the  general  case,  assuming  |A|  = k and  |/z|  = n — k,  one 
defines 

A"^’^  — A^’®  o A®’^ 
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where  o denotes  induction  from  x Wn-k  to  Wn,  i.e., 

Vl  O V2  = {Vl  ® V2)  t Wn, 

for  any  Cld^-module  Vi  and  Ciy„_A;-module  V2.  We  will  also  use  o to  denote  the 
corresponding  operation  on  characters,  so  that  ° 

In  dealing  with  some  cases  of  Chapter  Four,  we  will  need  to  consider  and 
their  associators  with  respect  to  each  of  four  linear  characters  of 

First,  we  have  the  following  lemma,  which  follows  from  p.419  - p.422  of  Stem- 
bridge  [23]. 

Lemma  3.1.1  has  the  following  relations  with  the  linear  representations: 

(1)  ex^’^  = X^’^  SC, 

(2)  iff  X = fi, 

(3)  e5x^’^  = iff  ^ = ff, 

(4)  sx^’^  = X^’^  5x^’^  = X^’^  iff^  = P^  SC. 

Second,  we  consider  the  problem  of  constructing  the  associators  of  representa- 
tions of  Wn-  It  will  be  convenient  in  what  follows  to  have  an  explicit  description 
of  a module  for  X^'^  in  terms  of  modules  for  X^  and  X^.  For  this,  we  need  to 
specify  a particular  embedding  of  Wk  x Wn-k  in  Wn',  the  most  obvious  choice  is 
the  inverse  image  Wk,n-k  of  the  Young  subgroup  Sk,n-k  in  Wn-  Given  u)\  € Wk 
and  u>2  G Wn-ki  we  will  identify  {u>\,uj2)  with  the  corresponding  element  of  Wk,n-k- 
As  a collection  of  (left)  coset  representatives  for  Wk,n-k  in  Wn,  we  will  use  the  set 
W^  C Sn  consisting  of  all  permutations  oj  of  1,  2,  • ■ • , n such  that  o;(l)  < • • • < uj{k) 
and  co{k  -I- 1)  < • • • < u}{n).  Now  given  modules  Vi  and  V2  for  CWk  and  CWn-k  with 
characters  nnd  we  may  impose  the  module  structure  of  x^’^  on  the  vector 
space  CVF^  ® Vi  ® V2  by  defining 


Uj{uJq  ®V\®  V2)  = S(lU2)uJq  ® OJiVi  ® OJ2V2 


(3.1) 
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for  all  Vi  G Vi,  where  uq,  lOq  E W'^,  ujuq  — (jj'q{uji,uj2),  and  (o;i,t<;2)  E W(^k,n-k)- 

In  this  dissertation,  as  we  said  before,  we  are  interested  in  the  Schur  index 
over  Q,  therefore,  we  need  to  find  the  Q-associators  for  each  of  the  linear  characters 
ofI^„. 

It  is  well-known  that  can  be  realized  over  Q.  Therefore,  we  can  assume 
that  V\  and  V2  are  a QITjt-module  and  a Q,Wn-k-  module  respectively,  and  can 
be  realized  over  Q by  imposing  the  module  structure  of  X^'^  on  the  vector  space 
QIT*^  ® Vi  (g)  V2  by  the  above  definition. 

• The  e-associator. 

Let  us  assume  henceforth  that  X,  n E SC,  and  let  Si  and  S2  denote  e- 
associators  (over  Q)  for  Vi  and  V2  as  symmetric  group  representations.  Define 

S{(jJo  g)  ui  g)  V2)  = e{oJo)uJo  ® SiVi  0 S2V2,  (3.2) 

for  uoo  E W'^  and  Vi  E Vi. 

Lemma  3.1.2  S is  an  e-associator  of  X^’^,  and  S^  = SiS^. 


Proof:  It  follows  from  the  proof  of  Theorem  6.2  of  Stembridge  [23]. 


Theorem  3.1.3  Let  X E SC  be  a partition  of  n and  S be  an  e-associator  of  X^, 


then 


Q V52  = Q 


1 


k 


where  k denotes  the  length  of  the  main  diagonal  of  the  Young  diagram  of  X,  and  hX 
are  the  main  hooks  of  X (refer  to  James  and  Kerber  [10]). 

Proof:  Let  N be  a QS'n-module  affording  X^.  Consider  the  group  pair 
{Sn,  An).  Since  A = A',  the  graded  algebra  A = AA^iN)  is  a CSGA  of  odd  type.  Let 


A ~ [D,l,d],Ao  = AsAN), 


Z(^A)  — Q -|-  zQ,  i^  — d G Q 


X 


7 
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and  note  i is  an  e-associator. 

Then  it  follows  from  2.5.13  of  James  and  Kerber  [10]  that 


Q{Vd)  = Q 


Since  all  other  e-associators  are  rational  multiples  of  i,  we  get 


Q Q = Q (Vd)  . 

The  proof  is  complete.  ■ 

Definition  3.1.4  We  define 

i 

Remark:  We  will  use  notation  throughout  the  dissertation.  Therefore,  if 
S is  an  e-associator  of  then  = Z^Z*. 

• J-associator. 

Assume  A = /x.  Then  A is  a fixed  partition  of  A:  = n/2,  and  we  assume 
Vi  — V2  = V.  Denote  by  u G S'n  the  involution  (1,  A:  + 1)(2,  A:  + 2)  • • • (A:,  2A:).  Define 

T{(jJo  V2)  = COqU  (g)  U2  0 Vi, 

Tt 

for  ujq  and  Uj  G V . 

Lemma  3.1.5  T is  a 6-associator  of  X^'^,  and  = 1. 

Proof:  It  follows  from  the  proof  of  Theorem  6.3  of  Stembridge  [23].  ■ 

• eJ-associator. 

Assume  A = /x'.  We  assume  that  A is  a fixed  partition  of  k = n/2,  and  let 
V = Vi  be  a module  with  character  To  impose  the  module  structure  of  X^’^ 
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on  (8>  y (g)  we  need  to  modify  ( 3.1)  to  take  into  account  the  fact  that 

V2  = e ®V\.  In  these  terms,  the  action  of  cu  e Wn  can  be  realized  via 

(j0{ij0q  V2)  = eS{uJ2)uJQ  ® U)\Vi  ® CO2V2, 

where  luujo  = uj'q{u)\,u)2).,  as  usual.  Define 

U{ujq  ®vi®  V2)  = e5{uo)toou  ®V2®vi, 

where  u is  the  involution  defined  before. 

Lemma  3.1.6  U is  e5-associator  of  X^’^'  and  U'^  = (—1)”/^. 

Proof:  It  follows  from  the  proof  of  Theorem  6.4  of  Stembridge  [23].  ■ 

In  the  study  of  spin  characters  of  IT„,  sometimes  we  need  to  consider  the 
representation  in  the  situation  that  X^’^  is  self-associate  with  both  linear  repre- 
sentations e and  6.  So  an  e-associator  S and  a 5-associator  T exists  in  that  situation. 
This  forces  us  to  find  the  relations  between  S and  T. 

Observe  that  X^’^  is  self-associate  with  respect  to  both  e and  5 if  and  only  if 
X — fj,  E SC.  In  that  case,  we  have 

S'T(u;o  ® ® V2)  = e{u>ou)u)ou  ® S1V2  ® S2V1, 

where  5i  = S2  denotes  an  e-associator  oiV  = V\  = ¥2- 

Theorem  3.1.7  S and  T have  the  following  relations: 

(1)  S,  T commute  iff  n/2  is  even  iff  n = 0 (mod  4). 

(2)  S,  T anti-commute  iff  n/2  is  odd  iff  n = 2 (mod  4). 

Proof:  It  follows  from  the  definitions  of  S and  T that 

TS{uJo'®vi®  V2)  = e{uJo)u(^u  ® S\V2  ® S2V\, 


this  implies  ST  = e{u)TS. 
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Since  e(u)  = (—1)”/^,  we  conclude  that  S and  T commute  when  n/2  is  even 
and  anti-commute  when  n/2  is  odd.  Therefore  the  theorem  follows.  ■ 

Remark:  The  representations  yield  spin  representations  of  the  double 
covers  1T„[1, 1, 1, 1, 1].  We  will  use  the  same  notation  for  these  spin  representations 
in  the  rest  of  this  dissertation. 

3.2  The  Projective  Representations  of  Sn 

The  projective  representations  of  Wn  with  factor  set  [£1,6:2, 1)  1]  have  a 
close  relation  with  those  of  symmetric  groups.  We  will  detail  this  in  Chapter  Four.  As 
preliminaries,  we  quote  some  well-known  results  about  projective  representations  of 
symmetric  groups  in  this  section.  These  are  mainly  taken  from  Turull  [25],  Stembridge 
[22]  and  [23]. 

Define  to  be  the  group  generated  by  — 1,  (Ji,  • • • , <7„_i  such  that 

(-1)^  = 1,  = (Tj(-l),  a]  = 1, 

(ajakf  = -1  (li  - k\>  2),  {ajaj+if  = 1. 

For  each  A G one  associates  a complex  irreducible  character  of  Sn, 

namely  For  each  A G DP~  one  associates  a pair  of  complex  irreducible  char- 
acters of  A G DP/l , namely  and  see  Schur  [20]  or  Stembridge  [22]  for  the 
definition. 

Theorem  3.2.1  The  characters  p?'  for  A G DP^f  and  for  A G DP~  are  precisely 
the  irreducible  spin  characters  of  Sn- 

If  A is  a partition  of  n,  we  denote  by  S\  the  subgroup  of  Sn  generated  by  — 1 
and  aj  for  j G {1,  • • • ,n}  \ {Ai,  Ai  -|-  A2,  • • • , Ai  -|-  A2  + • — h A;}.  Then  S\  has  natural 
copies  of  Pai as  normal  subgroups.  One  can  construct  irreducible  characters 
of  S\,  namely  9^  if  A is  even  and  9^  and  9^  if  A is  odd,  see  Stembridge  [22]  for  details. 
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Consider  the  group  pair  {Sn,An),  for  each  irreducible  character  of  5„  we 
have  [[</:>^]]  (see  Corollary  2.6.9).  This  is  described  by  a triple  (see  Theorem  2.5.4).  In 
Turull  [25],  this  triple  is  computed  using  the  operation  described  in  Proposition  2.7.4. 
Notice  that  in  our  case,  the  e of  Stembridge  [23]  is  actually  —1. 

Definition  3.2.2  For  each  positive  integer  n,  we  define  a CSGA  as  follows. 


[n]  = (—1,  — 1)(  4 ) ^_2(— 1)  2 ^ (—1)  2 nV  1,  n(— 1)  2 if  n is  odd 


and 


[n]  = [(-l,-l)("t')  ((-l)^n)  ,0,-2(-l)t 


n 


if  n is  even, 


Theorem  3.2.3  With  the  notation  [n],  we  have 


M]  = r]]  = [Ai]V---V[Aj. 

Proof:  This  is  just  Theorem  6.2  in  Turull  [25].  ■ 

Let  e be  the  “sign”  homomorphism.  We  have  the  following. 

Corollary  3.2.4  (p^  has  the  following  relations  with  respect  to  e. 

(1)  epfi  — pA. 

(2)  ep>\  = 

Corollary  3.2.5  If  X E DP~^,  then  2p^  can  be  realized  over  Q. 

If  X E DP~ , then  2{p^  + can  he  realized  over  Q. 

Proof:  This  follows  from  above  theorem  and  the  fact  that  the  Schur  index  of 
each  spin  character  of  is  at  most  2 (Turul  [24]).  ■ 

3.3  The  Definition  of 


Any  group  G with  a Z^-quotient  has  a two-dimensional  projective  representa- 
tion arising  from  the  fact  that  the  dihedral  group  of  order  8 doubly  covers  To  be 
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more  precise,  let  0q  : Z|  — > PGL2{Q)  denote  the  projective  representation  obtained 
from  the  reflection  representation  of  the  dihedral  group  modulo  its  center.  We  may 
thus  obtain  a projective  C-representation,  also  to  be  denoted  by  0q,  via 

G — > G/H  GL2{Q). 

The  following  theorem  gives  details  about  the  construction  of  this  projective 
representation. 


Theorem  3.3.1  Let  a = [ei,e2»  Ij  1]>  then  the  double  cover  W„[a:]  has  a 2- 
dimensional  irreducible  spin  representation  0q'’®^  such  that  0o“’^^  can  be  realized  over 
Q except  the  case  e\  = —1  — 62,  and  in  that  situation,  20o'’^^  can  be  realized  over 
Q.  Let  denote  the  character  afforded  by  then  has  the  following 

character  values: 


9q’^^i^,w)  = 


2u  if  w E Wl, 
0 if  w 


where  {y,w)  is  any  element  of  Wn[ei,e2, 1,  —1, 1],  namely,  v G {—1, 1}  and  w G Wn- 


Proof:  We  divide  the  proof  into  several  cases.  For  each  case  we  choose  special 
2 X 2-matrices  Xq  and  yo  such  that  the  representation  is  achieved  via 


GL2{Q) 


Gi  I ^ Xq 

r I — yo- 


If  a = [1, 1, 1,  —1, 1],  we  can  take 


notice  Xg  = 1 = y^,  xoyo  = — and  the  group  generated  by  a;o  and  yo  is  a dihedral 
group  of  order  8. 
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If  a = [—1, 1, 1,  —1, 1],  we  can  take 


notice  xl  = — l,?/o  = l»^o2/o  = —yo^o,  and  the  group  generated  by  Xo  and  yo  is  a 
dihedral  group  of  order  8. 

If  q;  = [1,  —1, 1,  —1, 1],  we  can  take 


Xo 


7 


notice  Xq  = 1,?/o  = -^,^oyo  = -yo^o,  and  the  group  generated  by  xq  and  yo  is  a 
dihedral  group  of  order  8. 

If  a = [—1,  —1, 1,  —1, 1],  we  can  take 


0 1 

-1  0 


7 


notice  Xq  = -1  = yl.xoyo  = -yo^o,  and  the  group  generated  by  Xq  and  yo  is  a 
quaternion  group  of  order  8. 

It  is  easy  to  check  that  ©q  can  not  be  realized  over  Q.  We  show  that 
2©o  can  be  realized  over  Q. 

Let  a = [—1,  —1, 1,  —1, 1],  we  can  take 


/ 0 10  0 \ 

-10  0 0 
0 0 0 -1 

\ 0 0 1 0 / 


/ 0 0 0 1 \ 

0 0-10 
0 10  0 

\ -1  0 0 0 / 


Then  x^  = -1,  y^  = -1,  xy  = -yx,  and  the  group  generated  by  x and  y is  a 


quaternion  group  of  order  8. 

Denote  by  the  representation  associated  with  x and  y.  It  is  straight- 
forward to  check  = 20q^’~\ 

From  the  above  construction  of  each  2-dimensional  representation,  the  char- 


acter values  of  can  be  very  easily  verified. 
Then  the  proof  is  finished.  ■ 
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Remark  : To  simplify  the  notations,  we  will  use  0q  instead  of  0q  because 
this  representation  will  be  used  quite  frequently.  This  simplification  is  also  applied 
to  their  corresponding  characters.  Namely,  we  will  use  9q  to  denote  the  character 
of  00 . We  will  keep  all  these  notations  throughout  the  dissertation  unless  otherwise 
mentioned. 

Theorem  3.3.2  Let  a = [si,  £2, 1,  — 1)  I]?  then  the  double  cover  W„[q;]  has  a four 
dimensional  spin  representation  0^i’^2  gudi  ihat  realized  over  Q.  We 

also  use  to  denote  the  character  associated  with 

Proof:  This  is  just  a corollary  of  the  above  theorem.  But  for  later  use,  we 
give  an  explicit  realization  for  each  representation. 

We  can  take  0^i’^2  — 20q'’^^.  To  be  more  precise,  we  consider  the  four  different 


cases. 


For  a = [1, 1, 1,  —1, 1],  we  can  take 


/ 1 0 0 0 \ 
0-100 
0 0 10 
V 0 0 0 -1  / 


/ 0 1 0 0 \ 

10  0 0 
0 0 0 1 

V 0.  0 1 0 / 


Then  = 1,  = 1,  xy  = —yx,  and  the  group  generated  by  x and  y is  a dihedral 


group  of  order  8. 


If  a;  = [—1, 1, 1,  —1, 1],  we  can  take 


Then  x^ 


0 1 
-1  0 
0 0 
V 0 0 


0 

0 

/o  1 0 o\ 

0 0 

10  0 0 

0 1 

II 

0 0 0 1 

0 

1 

0 0 1 0 / 

— 1,  = 1,  xy  = —yx,  and  the  group  generated  by  x and  y is  a dihedral 


group  of  order  8. 


If  O!  = [1,  —1, 1,  —1, 1],  we  can  take 


/ 0 1 0 0 \ 

/ 0 1 0 0 \ 

10  0 0 

-1000 

X = 

0 0 0 1 

, y = 

0001 

0 

0 

0 

0 0-10/ 
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Then  = 1,  = — 1,  xy  = —yx,  and  the  group  generated  by  x and  y is  a dihedral 

group  of  order  8. 

Finally,  if  a = [—1,  —1, 1,  —1, 1],  the  above  theorem  already  actually  provided 
an  explicit  realization. 

Now  the  proof  is  complete.  ■ 

Proposition  3.3.3  Let  a = [£i,£'2)  !]•  Following  the  above  notation,  let  O be 

aQfF„[  a]-module  affording  then  we  have 

(i)  0^1 = 200* 

(ii)  0^i>^2  ig  self- associate  with  each  of  linear  characters  s,  S,  e6  and  the 
associators  can  be  chosen  to  be  y,  x,  and  xy,  respectively. 

(iii) Awn[a]{0)  :=  EndQw„[a]{0)  cn  (61,82)  where  (81,82)  denotes  the  quater- 
nion algebra  generated  by  a,  b such  that  a^  = 8\,b^  = 82  and  ab  = —ba. 

(iv)  [x,  A\Yr,[a](0)\  = 1,  [y,  A\Vn[a](0)]  = 1.  Here  the  notation  means  that  x,y 
can  commute  with  any  element  of  Aw„[a](0). 

Proof:  We  first  prove  (i).  Notice  that  the  dihedral  group  of  order  8 and  the 
quaternion  group  of  order  8 have  only  one  irreducible  representation  of  degree  2,  then 
checking  is  very  straightforward. 

Checking  that  y,  x,  and  xy  can  be  chosen  to  be  corresponding  associators  is 
also  straightforward.  Now  let’s  prove  (iii). 

For  q;  = [1, 1, 1,  — 1, 1],  the  direct  calculation  shows  that  EndQw^[a](0)  has 

dimension  4 and  consists  of  all  the  following  matrices: 

/ a 0 b 0\ 

0 a 0 b 

c 0 d 0 

\ 0 c 0 d / 


where  a,  b,c,d  G Q. 
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Let 


A = 


1 0 
0 1 
0 0 
\1  0 


0 

0 

-1 

0 


0 \ 
0 
0 

-1/ 


B = 


0 
0 
1 

Vo 


0 1 
0 0 
0 0 
1 0 


0\ 

1 

0 

0/ 


then  = 1,  = 1,  AB  = —BA  and 


^ndqw^ajiO)  =<  A,B  >c:^  (A  ,B  ) ~ (ei,€2). 

For  a = [—1, 1, 1,  —1, 1],  the  calculation  shows  that  Endqiv^^ 
sion  4 and  consists  of  all  the  following  matrices: 


/ a 

0 

b 

o\ 

0 

a 

0 

b 

c 

0 

d 

0 

c 

0 

d / 

where  a,b,c,d  G Q. 
Let 


A = 


then  = — 


0 0 

1 0\ 

/I 

0 

0 

0 

\ 

0 0 

0 1 

r>  

0 

1 

0 

0 

-1  0 

0 0 

? ^ — 

0 

0 

-1 

0 

0 -1 

0 0^ 

^0 

0 

0 

-1 

/ 

— 

1,AB  = 

—BA  and 

Endqw„[a]{0)  =<  A,B  >~  {A^,B‘^)  ~ {61,62). 


For  a = [—1, 1, 1,  —1, 1],  the  calculation  shows  that  Endqwn[ 
sion  4 and  consists  of  all  the  following  matrices: 


/ ® 

0 

b 

o\ 

0 

a 

0 

b 

c 

0 

d 

0 

V 0 

c 

0 

d j 

where  a,b,c,d  G Q. 
Let 


A = 


/I 

0 

0 

0 

\ 

0 

0 

1 

0 \ 

0 

1 

0 

0 

, B = 

0 

0 

0 

1 

0 

0 -1 

0 

-1 

0 

0 

0 

Vo 

0 

0 

-1 

J 

0 

-1 

0 

0/ 

](0)  has  dimen- 


q](0)  has  dimen- 
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then  AB  = —BA  and 

EndQWn[a]{0)  =<  A,B  >~  {A^,B‘^)  ~ (€1,62). 

For  a = [— 1,  — 1, 1,  — 1, 1],  the  calculation  shows  that  EndQWn[a]{0)  has  di- 
mension 4 and  consists  of  all  the  following  matrices: 

/a  b c c?  \ 

—bad  —c 
—c  —d  a b 

y —d  c —b  a J 

where  a,  b,c,d  G Q. 

Let 


0 

1 

0 

( 

0 

0 

1 

0 

\ 

-1 

0 

0 

0 

, B = 

0 

0 

0 -1 

0 

0 

0 

1 

-1 

0 

0 

0 

V 

0 

0 

-1 

\ 

0 

1 

0 

0 

y 

then  A^  — —l,B^  = —1,  AB  = —BA  and 

EndQw„[a]{0)  =<  A,B  >~  {A^,B^)  ~ (£i,£'2). 

The  proof  of  (iii)  is  finished. 

(iv)  follows  from  the  above  construction  of  Avk„[q](0)- 
Thus  the  proof  of  Proposition  is  complete.  ■ 

Proposition  3.3.4  Let  a = [£'i,£2)  1;  1]  o,nd  be  the  representations 

ofWn[a]  defined  in  Theorem  3.3.1  and  Theorem  3.3.2.  Let  x be  an  irreducible  spin 
representation  of  the  group  Wn[/?],  then 

(i)  lieS""xlP  = |i(x)|. 

('•i7l|e"’«xf  = 4|L(x)|. 

Here  all  products  mean  the  twisted  products. 

Proof:  (i)  follows  from  the  proof  of  Theorem  2.4.2.  (ii)  follows  (i)  and  Propo- 
sition 3.3.3  (ii).  ■ 
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Recall  that  Theorem  2.4.2  gives  the  structures  of  the  twisted  product  N<S>M, 
where  M is  an  irreducible  ClT„[/?]-module  and  is  a ClT„[Q;]-module  affording  do- 
Actually  Theorem  2.4.2  is  also  true  if  we  replace  6q  by  To  make  self-contained 

and  easy  to  read,  we  give  the  following  theorem. 

Theorem  3.3.5  Let  M be  an  irreducible  QWn\pi\-'module  and  N be  a CWn[cx]-module 
ajfording  . Then 

(a)  If  Lm  = {!},  then  N 0 M is  an  irreducible  -module. 

(b)  If  Lm  = then  N iS>  M is  a direct  sum  of  two  irreducible,  non- 
isomorphic -modules  (and  similarly  for  Lm  = Lm  = )■ 

(c)  If  Lm  — {1,£,5,  e5},  then  let  S denote  the  e-associator,  and  let  T denote 
the  6-associator  for  M. 

(i)  If  ST  = TS,  then  N ® M is  a direct  sum  two  copies  of  one  irreducible 
CG^°‘  -modules 

(ii)  If  ST  = —TS,  then  N ® M is  a direct  sum  of  4 irreducible,  non- 
isomorphic CG^°" -modules. 

Proof:  The  results  follows  from  the  proof  of  Theorem  2.4.2  and  Proposi- 
tion 3.3.4.  ■ 

We  close  this  section  by  proving  a simple  result  relating  the  character 
and  group  pairs  which  will  be  used  frequently  in  Chapter  Four. 

Lemma  3.3.6  Let  G = Wn[ei,Si,  1,  —1, 1]  and  O be  a QG -module  affording 

Let  Hie)  be  the  kernel  of  e,  H{S)  be  the  kernel  of  5 and  H(e5)  be  the  kernel  of  eS. 

Then 

(i)  AH{e){0)  ~ [(ei,£2),  1,^2]  is  a CSGA  of  odd  type. 

(ii)  Ah{s){0)  ~ [(£1,62),  is  a CSGA  of  odd  type. 

(Hi)  AH{e5){0)  ~ [(£1,62),  1,  -£i£2]  is  a CSGA  of  odd  type. 
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Proof:  We  only  prove  (i).  The  proofs  of  (ii)  and  (iii)  are  similar. 

Following  the  notations  from  the  definition  of  since  jg  e-associate, 

//(g)(0)  is  a CSGA  of  odd  type.  Note  yo  is  an  e-associator,  and  the  result  then 
follows  from  Proposition  3.3.3.  ■ 

3.4  The  Definition  of 

This  section  is  a continuation  of  the  previous  section.  By  considering  the 
twisted  product  of  0q  and  we  will  define  another  special  representation  to  be 

denoted  by 

Theorem  3.4.1  Let  a = [£i,£2)  1)  T !]•  Then  the  double  cover  VFn[o;]  has  8 linear 
characters.  Four  of  which  are  l,e,S,eS,  which  send  —1  to  1,  and  the  other  four  are 
spin  representations  which  send  —1  to  —1.  Let  T be  any  one  of  the  linear  spin  repre- 
sentations, then  the  four  linear  spin  representations  are  T,eT,ST,e6T.  In  addition, 
we  have 

0000^’"^  = T + eT  + 5T  + 

and 

0^1401,^2  = X + + 5T  + sST. 

Proof:  Since  1T„[q!]/VF„[q:]'  has  order  8,  we  conclude  that  Wnfo]  has  8 linear 
characters. 

By  Theorem  3.3.5,  0o0q^’^^  and  0o‘’^0q’^^  both  are  equal  to  the  sum  of  four 
distinct  linear  spin  representations.  It  is  easy  to  check  that  T,eT,5T,£5T  are  all 
linear  spin  representations.  Therefore 

000^1-^2  = X + eT  -h  <5T  + e(^T 

and 

0^1401,^2  ^ X -b  eT  + (5T  + esr. 


The  theorem  is  now  proved.  ■ 
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In  the  rest  of  dissertation,  we  will  denote  by  gf  i^j^g  linear 

spin  representations  of  the  group  hb„[£i,ff2, 1, 1, 1],  namely 


psue2  = T + eT  + 5T  + e5T. 


We  will  use  to  denote  the  character  afforded  by  These  notations  will  be 

used  throughout  the  dissertation  without  further  mention. 


Theorem  3.4.2  Let  G = W„[ei,£2j  1>  1;  !]•  Following  the  above  notation,  let  p^i>®2  _ 
T + eT  + 5T  + be  the  sum  of  the  four  linear  spin  representations  of  G.  Then 
can  be  afforded  by  a 4-dimensional  QG -module  M and  furthermore  we  have 
(1)  EndQciM)  =<  X,y  > such  that  = £i,y^  = £2  o-nd  Xy  = yX.  In 
addition, 


EndQciM)  ~ 


Q © Q 0 Q 0 Q 


if  Si  — \ — €2 


Q(V^,  \/^)  0 Q(\/^,  ^/^)  otherwise. 


(2)  is  self-associate  with  four  linear  representations  l,e,5,e5  and  there 

is  an  e-associator  A and  a S-associator  B such  that  = 1,B^  = 1,AB  = BA  and 
AB  is  an  eS-associator. 

Furthermore,  we  have 


AX  = -XA,  Ay  = yA, 
BX  = XB,  By  = -yB. 


Proof:  Let 

pei,e2  = r 4-eT  4-Sr  4-eST. 

By  Theorem  3.4.1,  Since  both  0q^’^  and  0j’^^  can  be 

realized  over  Q with  2-dimensional  modules,  we  conclude  that  p^*’®2  gg^n  be  realized 
over  Q with  a 4-dimensional  module. 

Let  Vi  be  a QIT„[£i,  1, 1,  —1,  l]-module  affording  0o^’^  and  V2  be  a QWii[l,e2) 
1,  — 1,  l]-module  affording  0o^^-  The  twisted  tensor  product  V\  ® V2  affords  the 
twisted  product  = 0q^’^0q’®^. 
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By  Theorem  3.3.1,  0q‘’^  has  an  explicit  representation 

where  x'^  = ei,a^  = l,xa  = —ax. 

Similarly,  Oq’^^  has  an  explicit  representation 

= ^€)o^"('^)  = y, 

where  = 62,  = l,yb  = —by. 

It  is  easy  to  check  that  lT„[ei,£2, 1,  T 1]  has  the  following  action  on  Vi  0 V2 

(7i(vi  0 V2)  = (a;  0 b){vi  0 ^2) 
t{vi  0 V2)  = (a  0 y){vi  0 r;2). 

Let  X = X ® b,y  = a®y,A  = a0l,B=  106,  then  it  is  straightforward  to 
check  that  X,  T,  A and  B satisfy  all  the  requirements. 

The  structure  of  EndQo{M)  follows  from  the  Corollary  2.8.5. 

The  proof  is  finished.  ■ 

Remark;  Denote  G = Wn[si,62AAA]i  then  G/G'  is  an  abelian  group  of 
order  8 and  has  a subgroup  H = {—1,1}  in  its  center.  Let  0 be  the  linear  spin 
representation  of  H,  then  Gallagher’s  Theorem  (see  6.17  of  Isaacs  [9])  implies  0*^  = 
T+£T+6T+£6T  where  T is  any  one  of  linear  spin  representations  of  G/G' . All  these 
representations  can  be  viewed  as  linear  spin  representations  of  G = IT„[ei,£2)  1>  !]• 

From  this  point  of  view,  it  is  also  clear  that  can  be  realized  as  a 4-dimensional 
QG-module. 

Corollary  3.4.3  With  the  above  notations,  we  have 

(1)  = 4|L(x)|. 

(2) \\e2’^eY\r  = A\L{x)\. 

(^5;||0o0^-^^xIP  = 42|L(x)|. 
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Proof:  Notice 

peus2  =T  + eT  + (5T  + e5T 

the  (1)  follows  immediately. 

(2)  is  exactly  (1)  since 

(3)  follows  from  (2).  ■ 

Theorem  3.4.4  Let  a = [ei,£2>  1>  1?  1]  andT  be  one  of  the  linear  spin  representation 

ofWn[oc\.  Assume  x is  an  irreducible  representation  ofWn[(3\,  then 

{sum  of  4 distinct  rep.  if  |i(x)l  = 1 

2(sum  of  2 distinct  rep.)  if  |7/(x)|  = 2 

sum  of  4 identical  rep.  if  |7/(x)|  = 4. 

Proof:  Since 

000^0^ = (T  + eT  + 5T  + e5T)x 

and 

liec.e5‘«xllkiM  = ‘i|i(x)l. 

then  the  result  follows  very  easily.  ■ 

3.5  The  Definition  of 

In  this  section,  we  will  consider  the  group  IPnlN  ~1)  li  1]  and  construct  some 
special  spin  representations  to  be  denoted  by  These  special  representations  later 
can  be  used  to  characterize  the  spin  representations  for  several  double  covers  of  Wn, 
including  the  spin  representations  of  the  group  Wn[s\.,e2.i  —1, 1, 1]. 

We  keep  a = [1, 1,  —1, 1, 1]  in  the  following  study  unless  otherwise  particularly 
mentioned. 

First  we  like  to  study  the  relations  between  the  three  groups  kFfc[o;], 

and  Wn-kWi- 

We  remark  that  — 1,  cti,  ct2,  • • • generate  a subgroup  of  kF„[o;]  to  be  de- 
noted  by  5„  which  is  a double  cover  of  Sn- 
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As  is  well  known,  the  spin  representations  of  Sn  are  labeled  by  the  partitions 
A G DP  of  size  n.  We  will  use  the  notation  for  the  representation  indexed  by  A 
and  for  its  character.  A short  description  of  is  given  in  Section  3.2  and  an 
explicit  construction  of  the  representations  can  be  found  in  Nazarov  [15]  or  in  Turull 
[25]  (in  [25],  5„  corresponds  to  the  double  cover  S~^  of  Sn)-  In  the  case  A G DP~ 
(i.e.,  n — l{\)  is  odd),  there  is  actually  a pair  of  e-associate  representations  indexed 
by  A;  we  will  write  in  situations  where  we  need  to  emphasize  that  there  are  two 
associates.  For  A G DP'^,  there  is  only  one  representation  it  is  self-associate  with 
respect  to  e. 

In  the  following  study,  we  will  follow  the  notations  of  Stembridge  [23]  with  a 
little  modification.  Let 

IF„[a]  ^Wn^Sn 

be  the  natural  mapping.  Let  Sk,n-k  be  the  Young  subgroup  of  Sn  and  let  Wk,n-k  be 
the  preimage  of  Sk,n-k,  finally  let  Wk,n-k[(A  be  the  preimage  of  Wk,n-k- 

Let  Sk,n-k  be  the  preimage  of  the  Young  subgroup  Sk,n-k  in  the  natural  map 
Sn  Sn-  As  we  mentioned  earlier  VF„[o;]  contains  a subgroup  isomorphic  to  Sn- 
Similarly,  Wk,n-k\oi\  contains  a subgroup  isomorphic  to  Sk,n-k- 

Now  Sk,n~k  has  a Z2  X Z2-quotient,  so  Sk,n-k  has  a 2-dimensional  projective 
representation.  Equivalently,  Sk,n-k  has  a 2-dimensional  spin  representation  to  be 
denoted  by  0.  The  existence  of  this  2-dimensional  spin  representation  results  from 
the  fact  that  the  dihedral  group  of  order  8 doubly  covers  Z2  X Z2. 

This  0 can  be  extended  to  Wk,n-k{oi\  by  insisting  the  r acts  trivially.  Let  Vq 
be  a QILfc,„_fc[Q!]-module  affording  0.  For  any  standard  element  {y.,w)  G Wk,n-k[c>\ 
with  v G {—1,1},?/;  G Wk,n-k  and  an  element  ?;q  G Vq,  an  explicit  realization  of  0 
may  be  obtained  by  assigning 


{u,w)vq  = v{l,w)vo 


with  the  following  properties: 


XqVo  ii  i < k 

yoVo  if  i>  k 


(l,Sj)uo  = I 

{l,t)vo  = Vo 


where  Xq  and  yo  denote  any  pair  of  anti-commuting  involutions  in  GL2{Q),  such  as 


Given  wi  E and  W2  E Wn-kW\i  {'^i-,W2)  to  denote  the 

element  W1W2  E Wk,n~k[oi]  obtained  by  substituting  Ujj^k  for  Tj+fc  for  Tj  (j  = 

1,2,...)  in  any  expression  for  W2  in  terms  of  the  generators  aj  and  Tj  of  Wk,n-k{o(\- 
Given  A E DP,  we  define  to  be  the  representation  obtained  by  extending 
from  Sn  to  by  having  the  rjs  act  trivially,  and  we  define  to  be  the 

product  In  the  general  case,  given  X,  y E DP  with  |A|  = k and  |ju|  = n — k, 

let  Vi  be  a CWfc[a]-module  affording  $^>®,  and  V2  be  a CIV„_A;[Q;]-module  affording 
It  follows  that  we  may  impose  a CVIfc,n-A:[Q;]-module  structure  on  Vo  ® Vi  <S>  V2 
via 


{u,w){vo^vi  0x2)  = /^((l,u;)uo0  {l,w)vi  0 (l,u;)u2) 


with  the  following  properties: 

(1,  Sj)(uo  0 ui  0 U2)  = (1,  Sj)uo  0 (1,  Sj)ui  0 (1,  Sj)t;2 

_ r xqUo  0 (1,  Sj)ui  0 U2  ifj<A: 
~ \ 2/or^o  ® ® (l,Sj)r^2,  if  i > ^, 

and 

(l,tj)(uO  0 Ui  0 U2)  = (l,tj)uo  0 (l,tj)ui  0 (l,tj)u2 

_ f <S)  (1,  tj)vi  0 U2  if  j < A: 

~ \ yoVo  (1,  tj)v2,  if  j > k, 


where 
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We  define  to  be  any  of  the  irreducible  submodules  of  Vo  ® Vi  (8)  V2.  By 
Stembridge  [23]  (see  page  413),  there  are  essentially  three  possible  types  of  structure: 
Case  1.  If  neither  V\  nor  V2  is  self-associate  with  respect  to  the  sign  character 
e,  then  Vo  0 Vi  0 V2  is  irreducible,  so  in  this  case,  we  have  Vo  0 Vi  0 V2  = 

Case  2.  If  only  one  of  V\  or  V2  is  self-associate,  then  there  are  two  distinct 
irreducible  submodules  of  Vo  0 Vi  0 V2.  Now  our  notation  is  somewhat  sloppy 
in  this  case  as  there  are  two  choices  for  the  submodules.  In  situations  where  we 
need  to  emphasize  the  existence  of  these  two  choices,  we  will  write  We  have 

Co  ® ® C2  = 

Case  3.  If  both  V\  and  V2  are  self-associate,  then  Vo  0 Vi  0 V2  is  a direct  sum 
of  two  copies  of  one  irreducible  module,  so  in  this  case  there  is  only  one  choice  for 

yA,/x 

(up  to  isomorphism).  We  have  Vq  0 V]  0 V2  = 

As  a summary,  we  have  the  following  lemma. 


Lemma  3.5.1  With  above  notations,  we  have 

Case  1.  If  X,  n G DP~ , then  Vo  0 Ci  0 V2  = V^'^. 

Case  2.  If  X ^ DP~^ , /j,  G DP~  or  X E DP~ , n G DP^ , then  Vo  0 Ci  0 V2  = 

VKv  0 ^ y\v  y\v  ^ 

Case  3.  If  X,  /j.  G DP~^,  then  Vq  0 Ci  0 V2  = ® V^’^. 

In  the  following,  we  define  0^’^  to  be  the  representation  afforded  by  and 
to  be  the  corresponding  character. 

We  define 

0A,M  I Wn[oi]. 


In  Case  2,  i.e.,  A G DP~^,n  G DP  or  A G DP  ,/x  G DP^,  there  is  actually 
a pair  of  e- associates  , namely 


^A,^t 


= ei’"'  t W„[cr], 

= t 
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Theorem  3.5.2  The  irreducible  spin  representations  ofWn[l,  1,  —1, 1,]  are  (for 
e{X,p)  = 1,  i.e.,  Case  1 and  Case  3)  and  (for  e{\,  p,)  = —1,  i.e.,  Case  2),  where 
A,/i  G DP  and  |A|  + |^|  = n. 

Proof:  This  is  just  Theorem  7.1  of  Stembridge  [23].  ■ 

As  usual,  we  use  to  denote  the  character  of  In  Case  2 we  have  . 
The  next  proposition  lists  some  properties  about  which  will  be  used  later  when 
we  study  the  Schur  index  of  But  we  give  the  following  definition  first. 


Definition  3.5.3  For  any  partition  A of  n,  it  is  sometimes  convenient  to  write  A = 
(1”*'2”*2 . . .j  iq  indicate  that  mj  of  the  parts  of  X are  size  j.  In  these  terms,  we  set 

ZA  = (mi!l"*‘)(m2!2"*^)--- 
then  Z\  is  the  centralizer  of  any  permutation  of  type  A. 


Proposition  3.5.4  The  following  provides  some  information  about  Here 

a and  (3  denote  the  partitions  such  that  jo;|  + |/3|  = n. 

1.  Split  conjugacy  classes: 

For  the  case  [1,1, -1,1,1],  conjugacy  class  splits  only  for  the  following  cases: 


£ = +1,  5 = +1  (OP,OP) 

£ = +1,  5= -1  (OP,OP) 

£ = -1,  5 = 3-1  {DP,  DP) 
e = -1,  6= -1  {DP,  DP). 


2.  Define  c\^^  = 2 for  X,  p E DP  , and  = 1,  otherwise, 
(a)  If  a (3  £ OP,  then 


/?)  = ^(-l)l‘^"l(p^(o;/  U [3j)p>^{a]  U ^j), 

i,j 


where  the  summation  is  over  subsets  I and  J such  that  \aj  U Pj\  = |A|. 
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(b)  If  a,  (3  6 DP,  and  e{a,  P)  = —1,  then  P)  = 0 unless  XU  fj,  = aU  p. 

In  that  case,  we  have 

where  is  as  defined  in  Stembridge  [23]. 

3.  Define  0 to  be  the  representation  afforded  by  Vq®  {V\  ® V2)  and  6 be  the 

associated  character.  Then 

( A /i  € DP~ . 

9 t Wn[a]  - < + p^^,  A G DP+,  p e DP~  or  A G DP~,  p G Z)F+. 

{ 2p^’!^,  A,  /X  G FP+. 

p^'^  has  the  following  relations  related  to  the  linear  characters, 
ep^’f^  = p^'f^  iff  A,  /Li  G DP~  or  A,  p E DP^ . 

iff  A = /Li. 

In  the  case  X = p,  p^’^  is  also  self-associate  with  respect  to  e. 

Proof:  Conclusion  1 is  part  of  Theorem  2.3.1;  Conclusion  2 follows  from 
Theorem  7.6  of  Stembridge  [23];  Conclusion  3 follows  from  the  definition  of  p^’^-,  and 
Conclusion  4 also  follows  from  the  definition  of  p^’^,  or  readers  may  refer  to  page  433 
of  Stembridge  [23] . ■ 

Corollary  3.5.5  Some  properties  about  p^'>^: 

(1)  Q = Q. 

(2)  ep)^^  = p^^ , ep^^  = form  an  e-associate  pair. 

Corollary  3.5.6  p^’^  has  following  relations  with  respect  to  linear  characters: 

( {1}  A G DP^  and  p G DP^ov  X G DP'^  and  p G DP~. 

L{p^’^)  = < {l,e}  if  A, /Li  G DP~  or  A,/u  G DP^,  but  X^  p. 

{l,e,  5,  £(5}  if  A = /Li. 

Corollary  3.5.7  If  X,p  G DP'^  or  X,p  G DP~,  then  rp^’^  can  be  realized  over  Q, 
otherwise,  r{p^^  + p^'^)  can  be  realized  over  Q,  for  some  positive  integer  r. 
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Proof:  This  follows  from  Corollary  3.2.5  and  the  definition  of  (p 


Corollary  3.5.8  If  € DP~  or  A,;u  G DP'^,  but  X ^ n,  let  H be  the  kernel  of 
e,  then  the  graded  algebra  A = EndQH{M)  is  a CSGA  of  odd  type,  where  M is  a 
-quasihomogeneous  Q1T„ [o] -module. 

If  X = jx,  let  Hi  be  the  kernel  of  e,  H2  be  the  kernel  of  5,  then  the  two  graded 
algebras  A :=  EndQHi(Mi)  and  B :=  EndQH2{Xl2)  CSGA  of  odd  type,  where 
Mi  is  a (f^’^-quasihomogeneous  QWn[a]-module,  i = 1,2. 


Proof:  U X,p  e DP-  ov  X,  p E DP+,  but  X ^ p,  then  = Q.  By 

Theorem  2.6.8  we  conclude  that  the  graded  algebra  A = EndQff{M)  is  a CSGA. 
Finally,  by  Proposition  2.6.10  A is  of  odd  type. 

Similarly,  ii  X = p,  then  = Q-  By  Theorem  2.6.8  we  conclude  that 

both  A and  B are  CSGA.  Finally,  by  Proposition  2.6.10  A and  B are  of  odd  type. 


In  addition  to  the  above  information  on  -we  need  some  information  about 
the  associators  for  each  of  four  linear  representations  l,e,S,e5.  In  what  follows  we 
will  carry  over  the  notations  from  Stembridge  [23]. 

Theorem  3.5.9  Assume  X = p and  M is  a (/p^’^-gruasi/iomo^'eneous  QWn[a]-module. 
Let  Hi  be  the  kernel  of  e and  H2  be  the  kernel  of  5.  Then  both  graded  algebras 
A :=  EndQHi(M)  and  B :=  EndQH2(M)  CSGA  of  odd  type.  Let 

A ~ [Di,l,di],  Aq  = Ao{M) 

Z (^A^  — Q T ^Q,  i^  E . 

Note  that  i is  an  e-associator. 

B — [D2, 1,  ^2]; -Bo  = ^o(-^) 


Z{B)  ~ Q + jQ,f  eQ". 


Note  that  j is  a 6-associator. 
Then 
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1.  i and  j anti- commute  iff  l{\)  is  odd  iff  X G DP~^  and  n = 2 (4)  or  X E DP 
and  n = 0 (4). 

2.  i and  j commute  iff  1{X)  is  even  iff  X E DP^  and  n = 0 (4)  or  X E DP~  and 
n = 2 (4). 


Proof;  Stembridge,  in  [23],  already  found  associators  for  each  of  the  linear 
representations.  His  work  is  done  over  C.  Since  we  are  considering  the  modules  over 
Q,  we  need  to  modify  Stembridge’s  definitions  a little  bit  to  make  them  suitable  to 


our  case. 

We  modify  Stembridge’s  definitions  about  and  by  the  following 

(see  p434  - p445  of  Stembridge  [23]) 


^ \ J ® yoXoVo  ® Vi  V2  \fX,^EDP 

S [too  <S>  Vo  ® vi  ® V2)  = < ) { „ .o,  c -f  \ r-  nr>+ 

' <8>  ^’o  ® oiUi  (8)  S2V2  n X,fx  E DP^, 


_ 1 (g)  xq  ® 1 0 52  ± 1 ® yo  ® -S'!  0 1, 


T^{lvo  0 Uo  0 Ui  0 V2)  = OJoU  0 (xo  ± yo)vo  0 W2  0 Ui, 


and 


if  n = 

= 0 mod  4 and  A G DP~ 

if  n = 

= 0 mod  4 and  A G DP~^ 

II 

= 2 mod  4 and  A G DP~ 

'PjX^Xr  1 

if  n = 

= 0 mod  4 and  A G DP~ 

V — — 


where  u G 5„  denotes  the  involution  (1,  A:  + 1)(2,  A:  + 2)  • • • (A:,  2k) 


Then  following  the  same  proofs  of  Theorem  8.1  and  Theorem  8.3  of  Stembridge 
[23],  we  conclude  that  is  an  e-associator,  Ao{M)]  = 1 and  is  a 5- 
associator.  Furthermore 


1.  and  anti-commute  iff  /(A)  is  odd  iff  A G DP~^  and  n = 2 (4)  or  A G DP 
and  n = 0 (4). 
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2.  and  commute  iff  1{X)  is  even  iff  A G DP~^  and  n = 0 (4)  or  A G DP 
and  n = 2 (4). 

Finally,  it  is  easy  to  show  A\  = iAo,  similarly  B\  — JBq.  This  implies  that 

some  / G Aq[M) 

= f'j,  for  some  f G Aq{M). 

Since  [i,  Ao(M)]  = 1 = [5^’^,  Ao(M)]  we  get  / = G Fi  Z{Aq)  = Q. 

This  fact  further  forces 

Then  our  desired  results  follow  and  the  proof  of  the  theorem  is  finished.  ■ 
Let  a = [1, 1,  —1, 1, 1]  and  denote 

Gi  = Wk[a],  Hx  = ker{e), 

G2  = VT„_fc[o!],  H2  = ker{e), 

Gz  = fTfc,„_fc[o!],  Hz  = ker{e), 

then  we  have  four  group  pairs  (Gi,  Hi),  {G2,  H2),  (G3,  Hz)  and  {G,  H).  Here  e denotes 
the  corresponding  “sign”  character  of  each  group  pair.  Even  though  we  use  the  same 
notation,  it  will  be  easily  understood  from  the  context.  Let’s  carry  over  the  notations 
from  the  definition  of  The  next  theorem  gives  us  some  relations  between  these 
group  pairs  in  terms  of  the  "V"  operation  (recall  the  definition  of  "V"  in  Section  2.7). 

Theorem  3.5.10  With  the  above  notations,  we  have  Gz  — (J1VG2/  *-e.,  Wk,n-k{<A  — 
Wk[oi]\/Wn-k[oi\,  and  Vo®Vi®V2  — ViVV2?  the  character  x ajforded  by  Vq®Vi®V2 
is  Xi  V X2>  where  Xi  denotes  the  character  afforded  by  Vi,  i = 1,  2,  i.e.,  X = Xi  V X2- 

Proof:  Let 


bF/c  [o]  {^1 5 • * * j — 1 1 > • • • 5 '^k  t f ) ) 
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fc[^]  — {pk+\i  • ■ ■ 1 • • • I'^ni  l)i  &ri(i 

Wk,n-k[(y\  = ((Ti,rj,-l|i  7^ 

then 

^ Wn-k[ct]  ^ Wk,n-k[oi], 

Wk[a]Wn-k[a]  = Wk^n-k[ct]  and  Wk[a]  n W„_fc[a]  = {1,  -1}. 

The  only  thing  remains  is  to  check  that 

9\92  ^ 9291  unless  both  gi  ^ Hi  and  Q2  ^ i?2 

and  that 

9i92  = {-l)929i  if  9i  i Hi  and  Q2  i H2. 

Let  G Gi,g2  G ^2-  Then  is  a product  of  some  aj’s  and  r,’s  where 
i = 1,  ■ ■ ■ , k — 1,  j = 1,  - ■ ■ ,k.  Similarly,  p2  is  a product  of  some  ai’s  and  tj’s  where 
i = k + 1,  ,n  — l,j  = k + 1,  ■ ■ ■ ,n.  Assume  gi  has  m a’s  in  its  expression  and  ^2 
has  I (j’s  in  its  expression.  Since  a = [1, 1,  —1, 1, 1],  by  Proposition  2.1.3  we  have 

9i92  = (— 

then  our  desired  result  follows. 

Therefore,  by  the  definition  of  "V"  in  Section  2.7  (or  refers  to  Turull  [25]),  we 

have 

Ca  ~ Gi  V G2,  i.e.,  lTfe,„_jt[Q;]  ~ lTfc[o!]  V lT„_jt[Q;]. 

Also  we  have 

H3  ~ {i^ipajeither  both  gi  G Hi,g2  G H2 


or  both  gi  G Gi  \ iLi,  ^2  ^ \ H2} 

The  distinguished  subgroup  of  Gi  V G2 
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(recall  the  definition  of  distinguished  subgroup  in  Section  2.7). 
Vq®Vi®V2  affords  character 


x{9\92)  = 


0 

2Xi(Pi)X2(^2) 


= Xi  V X2- 


if  either  g\  ^ Hi  or  Q2  ^ i?2 
if  both  Qi  G Hi  and  Q2  G i/2 


Therefore 


K,  ® Vi  ® 1^2  ~ Vi  V V^2- 
The  proof  of  the  theorem  is  now  complete.  ■ 


Corollary  3.5.11  We  carry  over  the  notations  from  the  definition  of  . As  before, 
let  9^’^  be  the  character  associated  with  an  irreducible  constituent  of  Vo  <S>  ® ^2, 

then 


^’1]  = M]v[M 
= Mv[r]], 

where  6^  and  9^  are  the  irreducible  characters  associated  with  S\  and  respectively, 
see  p95-96  of  Turull  [25]  or  pi 99  of  Stembridge  [22]. 

Proof:  By  Corollary  2.7.3,  we  have 


A{Vi  V V2)  ^ >l(Vi)®^(1^2)®Q[i] 
or 

a(Vi\/V2)^  A{Vi)y  A{y2). 

Since  Aiy]),  A{y2)  are  CSGA,  so  is  A{Vi)  V A{V2),  hence  AfVi  V V2)  is  a 
CSGA.  By  Theorem  2.6.8,  the  character  afforded  by  Ci  VV2  is  ^^’'^-quasihomogenous. 
Therefore  [[^^’^]]  = A(Vi  V V2).  Similarly,  we  have  = ^(^1)  ^nd  = 

A{V2).  It  then  follows 
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Note  that  = [[v?^]]  because  5 is  a linear  character,  so  we  get 


r’i]  = M]vM. 

Finally,  by  the  proof  of  Theorem  6.2  of  Turull  [25],  we  have  [[</?^]j  = [[^^]]  S'lid 
[[(p^]]  = [[^^]],  then  our  desired  result  follows.  ■ 


Proposition  3.5.12  . Let  A G DPfz'i  ^ L)Pji—^.  A^ssuTTie  ^ 2 uTid  tx — h ^ 2.  THcti 
every  irredueible  character  is  in  with  multiplicity  one.  Furthermore, 

if  X,  p €.  DP~  or  X,  //  G DP^ , then  both  o>nd  0^'^\h3  Ahe  sum  of  two 

irreducible  characters;  otherwise,  both  and  are  irreducible. 


Proof:  k > 2 and  n — k > 2 make  it  true  that  both  {Gi,Hi)  and  {G2,H2) 


are  group  pairs. 


Note  that  is  self-associate  with  respect  to  e iff  9^’^  is  self-associate  with 
respect  to  e.  This  can  be  verified  by  considering  the  three  cases  for  A,  p : A,  //  G 
DP~;  X,  fj,  ^ DP~^-,  and  otherwise.  Then  the  last  two  sentences  follow. 

Since 


we  have 


+ ip  + ...  {9^’^  ^ ix) 


Therefore,  9^’^\h3  is  in 

Let  9i  be  any  irreducible  constitute  of  9^'^\h3,  we  need  to  show  that  9i  is  in 
with  multiplicity  one. 

Case  1.  Both  9^’^\u^  and  are  irreducible.  In  this  case  we  have  9i  = 


9^’^\h^  and 
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If  7^  Oj  then  [^f^,  V’]  7^  0,  by  Gallagher’s  Theorem  6.7  of  Isaacs  [9], 


we  get 


qGz  ^ Q\tl  ^ ^ ^ 


hence  + 6^'^,  ■0]  7^  0.  This  implies  [9^^,  ip]  ^ 0 and  therefore  ip  = 9^’^.  It  follows 
[</?i’^|G3, 0-^]  7^  0.  On  the  other  hand,  9^’^f]  = = 0, 

a contradiction.  Therefore,  [9i,iP\h3\  = 0.  So  in  this  case,  9i  is  in  p>^’^\h3  with 
multiplicity  one. 

Case  2.  Both  9^’^\fj^  and  (P^’^\h  are  the  sum  of  two  distinct  irreducible  char- 
acters. Let  9^’^\h3  = 9i  + 92,  then  /gsC^i)  = 7^3(02)  = here  Ig3{9i)  and  703(^2) 
denote  the  inertia  groups  of  9\  and  ^2-  By  6.11  of  Isaacs  [9],  = 9^^  = 9^'^.  If 

[9\,iP\h^  7^  0,  then  [9^^,ip\  = [^^’^,'0]  0,  a contradiction.  Therefore,  9\  (and  ^2)  is 

in  p>^'^\h3  with  multiplicity  one. 

This  completes  the  proof  of  the  proposition.  ■ 


Theorem  3.5.13  Let  A G DP^,  ix  G DPn^k-  Assume  k > 2,n  — k > 2.  Then 

[[<^"’1]  = [[^"’11- 

Proof:  Let  M = (Vo  (g)  Vi  0 V2)  t G,  then  M is  a </?^’^-quasihomogeneous 
QG-module  and  is  the  class  in  PW(Q)  of  A{M)  :=  EndQniM). 

Let  N be  the  sum  of  all  irreducible  QGa-submodules  of  M which  are  9^’^- 
quasihomogeneous.  Then  [[^^’^]]  is  the  class  in  BW{Q)  of  A{N)  :=  EndQHsiN)- 

If  / G A{M),  it  follows  that  f{N)  C N.  Hence,  we  define  the  restriction  map 


Res:A{M)  — ^ yl(A^) 
Res{f)  :N  — > N 
Res{f){n)  = f{n). 
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Since  / commutes  with  H,  it  also  commutes  with  Hz,  so  that  Res  is  well-defined. 
Furthermore,  routine  arguments  show  that,  in  fact.  Res  is  a graded  algebra  homo- 
morphism. By  Theorem  2.6.8,  A{M)  is  a central  simple  graded  Q-algebra  and  so  is 
A{N).  It  follows  that  Res  is  injective. 

Let  X be  the  character  afforded  by  M.  Then  dimQA{M)  = [x\hiX\h]h- 
Suppose  A G DP~^  and  /i  G DP~  or  A G DP~  and  n G DP^ , then  = 

both  and  9^'^\h3  are  irreducible,  and  is  in 


with  multiplicity  one.  Hence,  x\h  = for  some  r,  and  dirri(^A{M)  = 

Furthermore,  the  character  afforded  by  N as  an  i/s-module  is  {Hz  = HP\Gz)- 

Hence  dimQA{N)  = r^,  and  Res  is  an  isomorphism. 

Suppose  now  A,//  G DP~^  or  A,yu  G DP~,  then  and  both  are 

sum  of  two  distinct  irreducible  characters.  Hence  x\h  = for  some  r,  and 

the  character  afforded  by  N as  Tfs-module  is  in  Hence  dimA{M)  = 2r  and 

dimA{N)  = 2r.  We  conclude  that  Res  is  a graded  algebra  isomorphism  in  all  cases. 
It  follows  that  = [[^^’^]]-  ■ 

Theorem  3.5.14  . Let  A G DP^,  A = (Ai  > A2  > . . . > A;),  fj,  G DPn-h,  n = {iii> 
IX2>  ■ . ■ > tim)-  Then 


[[(^b/^]]  ^ V ...  V [A/]  V [im]  V ...  V [^m], 


where 


[n]  = (— 1,  — 1)(  4 ) ^_2(— 1)"2*  ^ ^ ri(— 1)"2*  if  n is  odd 


and 


[n]=  [(-1,-1)(T)  ((_i)t,„),o,-2(-l)t 


n 


if  n is  even 


Proof;  If  k > 2^n  — k > 2,  by  the  previous  theorem,  we  get 
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Then  by  Theorem  6.2  of  Turull  [25],  we  have 

m = [X,]y...v[Xi], 

and 

m = [/^l]  V ...  V 

Notice  that  corresponds  to  the  case  e = —1  in  [20],  then  result  follows. 

IfA;  = lorn  — A;  = l,  from  the  definition  of  it  is  easy  to  see,  for  example 
A:  = 1 (i.e.,  |A|  = 1) 

[[^^-ll  = [[/.<•]]  = = [[^-.»]]  = [[^]| 

because  [1]  is  described  by  the  triple  [1,1,1],  which  is  the  identity  under  “V”  operation. 
So  Theorem  holds  also  in  this  case.  Similarly,  when  n — /c  = 1,  Theorem  holds  too. 
The  proof  is  now  complete.  ■ 

Corollary  3.5.15  Assume  [[v^^’'^]]  = [D,  t,  d]  is  the  triple  associated  with  then 
D can  be  chosen  to  be  a quaternion  algebra. 

Proof:  This  follows  from  the  above  theorem  and  Theorem  2.5.4.  ■ 

Corollary  3.5.16  has  the  following  properties: 

(1)  The  Schur  index  of  is  at  most  2 over  Q. 

(2)  If  X,  p ^ DP^  or  X,  p E DP~ , then  2ip^’^  can  be  realized  over  Q. 

(3)  If  X E DP~^  and  p E DP~  or  X E DP~  and  p E DP^ , then  2{(p^^  + ip^^) 
can  be  realized  over  Q. 

Proof:  This  follows  from  the  above  Corollary  and  Proposition  2.6.1.  ■ 

Remarks  : Given  any  partitions  A and  p such  that  |A[  + \p\  = n,  Turull’s 
algorithm  in  [25]  enables  us  to  efficiently  compute  the  triple  that  describes  [[i^^’^]] 
by  the  above  theorem,  then  Proposition  2.6.1  can  be  applied  to  calculate  the  Schur 
index  for  each  irreducible  spin  character  (p^’^. 
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Definition  3.5.17  We  define  V^’^,  7^2’^,  d^’^,  d^’^,  d^’^  for  A,  //  G OP.  Let  G = 
iy„[Q;]  with  a = [1, 1,  —1, 1, 1],  Let  H be  the  kernel  of  e.  If  X E DP^  and  fi  G DP~ 
or  X E DP~  and  //  G DP^ , let  M be  a QG -module  affording  then 

A :=  EndQH{M)  is  a CSGA  of  even  type.  We  set 

A ~ lV^’'^,0,di’%Ao  = AG(M) 

Z(A)  ~ Q + iQ,  G Q^ 

If  X,  p E DP'^  or  X,  p E DP~ , let  M be  a QG-module  affording  2<p^’^.  Let  Hi 
and  H2  be  the  kernels  of  e and  5,  respectively,  then  A :=  End^HiiM)  is  a CSGA  of 
odd  type.  We  set 

Z{A)  ~ Q + iQ,  G Q^ 

Furthermore,  if  X = p,  then  B :=  EndQH2(M)  is  also  a CSGA  of  odd  type. 

We  set 

B ~ [V^’^,l,d^’%Bo  = AG(M) 

Z(B)  - Q + JQ,  f = d^’^EQ\ 

X>q’^,  T>^’^  = T>2’^,  dg’^,  di’^  and  can  be  calculated  by  using  Theorem  3.5.  If. 

Remark  : In  the  following  study,  we  will  need  the  above  CSGA’s  all  the 
time,  so  whenever  we  use  these  notations  throughout  the  dissertation,  they  keep  the 
above  meanings  unless  otherwise  mentioned. 

3.6  The  Definition  of 

In  this  section,  we  consider  the  group  Wn[ei,e2,  —1,  —1,  — !]•  We  will  define  a 
special  spin  representation  to  be  denoted  by  This  special  spin  representation 

combined  with  later  can  be  used  to  characterize  all  spin  characters  of  the  double 
cover  Wn[ei,S2,  -1,  - 


1,  — 1].  To  do  this,  we  need  some  results  on  Clifford  algebras. 
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This  section  can  be  divided  into  three  parts.  First  we  define  Clifford  algebra 
6„(K)  over  an  arbitrary  field  K of  characteristic  zero  and  quote  some  well-known 
results  about  Clifford  algebras.  Then  in  the  second  part  of  this  section,  we  consider 
the  Clifford  algebra  6n(C)  over  the  complex  numbers  C.  Using  the  Clifford  algebra 
bn{C),  we  define  a special  spin  representation  and  discuss  some  properties  of 

^ei,£2  Finally  in  the  third  part  of  this  section,  we  consider  the  Clifford  algebra 

over  rational  numbers  Q.  We  construct  another  special  character  O'  of  the 
group  VF„[£i,  £2,  — 1>  ~1])  which  has  a close  relation  with  the  character  of 

the  representation  We  finish  this  section  by  calculating  the  algebra  associated 

with  the  character  which  is  useful  in  Chapter  Four. 

Let  K be  a field  of  characteristic  zero.  We  first  study  the  Clifford  algebra  over 
K. 

Let  V be  an  n-dimensional  vector  space  over  K endowed  with  a non-singular 
symmetric  bilinear  form  B.  We  say  that  U is  a quadratic  space.  Then  one  associates 
to  V its  Clifford  algebra  b{y)  (see  Lam  [12]).  We  also  use  the  notation  6n(K)  for 
b{V)  whenever  necessary  to  indicate  that  the  Clifford  algebra  b{V)  depends  on  both 
n and  the  field  K.  b{V)  is  a central  simple  graded  K-algebra  of  dimension  2".  If 
^1?  ^2)  • • • ) is  a basis  for  V,  then  can  be  viewed  as  generators  of  b{V) 

of  degree  1,  satisfying  the  relations  : 

for  all  1 < ij  < n. 

A basis  for  b{V)  is  given  by  = ^ai  • • '^ar  where  A = {a\, . . . ,Or}  ranges 
over  all  subsets  of  {1, . . . , n}.  More  precisely,  the  set  of  all  where  [A|  is  even  is  a 
basis  of  fe(U)o  and  the  set  of  all  ^a  where  |A|  is  odd  is  a basis  of  f?(U)i. 

Proposition  3.6.1  b{V)  is  a central  simple  graded  K.-algebra.  The  element  of  BW (K) 
that  it  represents  is  described  by  the  following  triple, 


[c(U),  dimo(U),  dim±(y)\, 
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where  dimo{V)  is  the  dim{V)  (modulo  2),  and 

dim±{V)  = (-l)(2)d(l^)  e (K)V(K^)2 
where  d{V)  is  the  determinant  of  the  form  B,  and 


c{V)  = (_i,_i)(T)s(V^)  G Br(K), 


where  s(y)  is  the  Basse  invariant  ofV.  That  is,  if  B can  be  represented  by  a diagonal 
matrix  diag{a\, . . . , a„),  then  s(y)  = Hio-  {^ii  %)• 

Proof:  This  is  just  Proposition  5.1  of  Turull  [25].  ■ 

For  our  purpose,  we  are  only  interested  in  the  case  where  n > 2 and  ^i,  ^2,  • ■ ■ » 
is  an  orthonormal  basis,  that  is,  B{fi,  fj)  = Oiii  ^ j and  B{^i,  ^j)  = 1 for  i = 1, . . . , n. 
We  use  the  notation  5„(K)  = b{V)  in  this  case.  Sometimes  we  also  simply  use  nota- 
tion bn  instead  of  5„(K)  if  there  is  no  confusion  about  the  field  K from  the  context. 

Corollary  3.6.2  b„,  as  an  element  of  BW(K),  is  described  by  the  following  triple 

(-1, (-1)^2^  • 

If  n is  even,  b{V)  is  a central  simple  K-algebra  (as  an  ungraded  algebra),  by 
the  previous  proposition,  and  we  set  C to  be  the  ungraded  algebra  b{V).  If  n is 
odd,  b{V)o  is  a central  simple  K-algebra,  by  the  previous  proposition,  and  we  set 
C = b{V)o.  So  in  all  cases,  C is  an  (ungraded)  central  simple  K-algebra. 


Lemma  3.6.3  C is  a representative  of  the  element  (— 1,— 1)(  “ ) of  Br(K) 


Proof:  This  is  just  Lemma  5.2  of  Turull  [25]. 


Lemma  3.6.4  Denote  then 


1. 


1 if  2 J(n 
— 1 if2\n. 
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2. 


3. 


(-1) 


n 

2 


n—  1 


if  2 


n 


(— 1)  2 if  2 /fn. 


4- 

( -2^i+i  ifj  = i 

{^i  - - 6+i)  = < -26  if  i = i + 1 

I —26  otherwise. 

Proof:  Checking  is  straightforward.  ■ 

Next,  we  consider  the  Clifford  algebra  bn(C)  or  simply  bn  over  the  complex 
numbers  C. 

Stembridge,  in  [23],  pages  446-447,  considered  the  group  W„[l»  !>  — 1?  — 1;  — 1] 
and  defined  an  irreducible  spin  representation  ^ if  n is  even,  if  n is  odd  by 


- 6+i)>  6- 


Now  we  consider  the  group  Wn[£\i£2i  —1;  —I,  — !]•  By  modifying Stembridge’s 
definition  above  a little  bit,  we  are  able  to  get  irreducible  spin  representation 
if  n is  even,  if  n is  odd  by 


^7(ei) 

T 1-4 

where  7(1)  = 0 and  7(— 1)  = 1. 

The  fact  that  this  does  generate  an  algebra  homomorphism  is  an  immediate 
consequence  of  the  defining  relations  of  VC„[ei,  ^2,  — 1?  — — !]•  We  may  thus  obtain  a 
representation  of  W„[ei,£2)  — li  — —1]  by  composing  CTT„[£:i,£2)  —I,  —1)  —1]  bn 
with  any  ordinary  representation  bn  — >■  End{V). 
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If  n is  even,  the  algebra  bn  is  simple  and  thus  isomorphic  to  the  matrix  algebra 
For  odd  n,  we  have  ~ M(2^)  © M(2^)  (see  Lam  [12]).  It  follows 
that  bn  has  one  irreducible  representation  for  even  n,  and  two  representations  for  odd 
n.  Since  CVF„[£i, £2,  — 1,  — 1,  — 1]  — >■  bn  is  surjective,  the  above  construction  yields 
one  irreducible  spin  representation  of  VF„[7]  for  even  n and  two  for  odd  n.  We  will 
denote  these  representations  generally  by  situation  where  we  need  to 

emphasize  that  there  are  two  choices  for  odd  n,  we  will  write 

Let  denote  the  character  of  "phen  we  have  the  following  theorem. 


Theorem  3.6.5  For  a G OP  and  (5  G EP,  we  have 


(3)  = 


p{e2)l{l3)+'y(ei)[n-l(a)-l{fi)]^_-^y{l3)+'"  2*°*  2 ' 2' if  2 


n 


^7(e2)n/3)+7(ei)[n-Ko)-/(/3)](_l)^^2  ' 2 if  2 J(n. 

The  only  other  non-zero  values  of  (a,  (3)  occur  when  n is  odd,  0 = 0,  and  (3  is 
arbitrary.  In  these  cases,  we  have 


Proof:  We  will  follow  the  proof  of  Theorem  9.1  of  Stembridge  [22]. 

Take  the  elements  0 — ^ii  '' ' ^ basis  of  bn,  where  I = {ii, ...  ,ik}  ranges 

over  the  subsets  of  {1, . . . ,n}.  For  u G ClFn[7],  let  ^i{uj)  denote  the  coefficient  of 

in  the  6„-image  of  to.  By  Proposition  3.1  of  Stembridge  [23]  (a  description  of  the 

irreducible  character  (s)  of  6„),  we  have 

.0ei,£2(^^)  — 2”/2^^(^;)  if  n is  even 

± if  ^ is  odd  , 

where  C = denotes  the  basis  element  corresponding  to  I = {1, . . . , n}. 

denotes  the  coefficient  of  in  a;. 

To  evaluate  ^0(cu),  first  consider  the  case  in  which  a;  is  a positive,  canonical 
A:-cycle.  If  the  Fn-image  of  a;  is  (j  + 1,  j + 2, . . . , j + k),  then  the  6„-image  of  u>  is 

- ?,+2) . . . (fj+t-i  - (hO. 


(3.3) 
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so  there  is  no  constant  term  unless  k is  odd.  In  that  case,  only  one  of  the  terms 
that  arise  in  the  expansion  of  the  above  expression  has  a non-zero  constant  term. 
This  single  term  is  of  the  form  (-0+2)te+2)(  — ^j+4)(^j+4)...,  SO  we  conclude  that 


^0(0;)  = 


ldfe-i)/2 

2^ 


To  evaluate  the  constant  term  for  a negative  cycle,  first  note  that  the  6„-image 
of  Tj  = aj}^- • • • • • aj-i  is  This  follows  by 

induction  on  j and  the  fact  that  (^2  ~ ^1)^1  (^2  — ^1)  = ~2^2-  Therefore,  the  6„-image 
of  a negative,  canonical  k-cyc\e  uj  will  be  of  the  form 

(_l)‘+2-ir(n»-i)2-*jl(f  (3.4) 


SO  there  will  be  no  constant  term  unless  k is  even.  In  that  case,  it  is  easy  to  see  that 

^0(0;)  = (_l)h(£i)+110-l)+|^r(e2)(fc-l)+r(£2)^l^^_ 

2 


For  the  general  case,  assume  that  ui  is  the  canonical  representative  of  some 
class  {a,  y),  and  let  a;  = tui . . . a;^  be  its  defining  factorization  as  a product  of  canonical 
cycles.  Note  that  ^0(0;)  = ^0(o;i) . . . ^0(0;;),  we  may  therefore  assume  a G OP  and 
(3  G EP  since  the  above  analysis  shows  that  ^0(t<;)  would  otherwise  be  zero.  Under 
these  circumstance,  the  ith.  negative  cycle  of  Ui  (of  length  (3i)  includes  the  element 


Tj+/3;  as  part  of  its  defining  factorization,  where  j 


a 


-f-  j3\  “h  . . . T Pi—\.  However, 


since  a G OP  and  (3  G EP^  it  follows  that  j = l{a)  = n (mod  2),  and  so  we  have 


6(<^) 


l{a) 

n 

i=l 


m 


2\n-H-^^7(ei){/3j-l)-|-7(£2)(i/2)(^i-l)/2 


2 = 1 


{l{^2)l{li)+l{Bi)[n-l(a)-l{P)]l-^\{n-l)l[P)+[n-l(a)]l2  1-^  j2yn-l{a)-l(l3)\l2  ^ 


To  evaluate  C(<^))  observe  that  the  6„-image  is  a product  of  n — l{o)  linear 
terms,  where  C is  a product  of  n such  terms.  Hence,  in  order  for  C{^)  fo  be  non-zero. 
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we  must  have  a = 0 (and  thus  (3  ^ EP,  assuming  n is  odd).  It  is  easy  to  see  that 
the  coefficient  of  in  ( 3.4)  is 


(-1) 


(1/2) 


(fc-l)/2 


So  we  have 


m 


i=l 


For  odd  n,  we  have  (3i  + ...  + Pi  — 1 = /?i+i  + Pi+2  ■ ■ ■ (mod  2),  so  the  above 
expression  simplifies  to 


Ciu)  = (-1) 
= (-1) 


p{e2W)+7{ei )[|/J| -im 


(1/2)"^ 


^^^-^^^7(£2)K^)+7(ei)[n-K/3)] 


(1/2)"^ 


(note  |q!|  = 0,  \P\  = n). 


The  claimed  results  now  follow  from  the  formulas  ^0(0;)  and  Q{u)) 


Corollary  3.6.6  The  relations  of with  the  linear  characters  can  be  described 
as  follows. 

1.  If  2 is  not  self- associate  w.r.t.  neither  e,  6,  nor  e6. 

2.  If2\n,  is  ed-associate,  hence  = 5ip^^’^^. 

The  results  of  the  rest  of  this  section  are  still  true  over  the  field  K of  charac- 
teristic zero.  However,  in  our  applications  we  are  only  interested  in  the  field  Q.  So 
let’s  fix  the  field  K = Q and  consider  the  Clifford  algebra  6n(Q)  or  simply  over  Q. 

Recall  that  the  Clifford  algebra  is  a central  simple  graded  algebra  over  Q. 
The  element  of  BW{Qf)  that  it  represents  is  described  by  the  following  triple: 


[c(C),  dimo(R),  dim(R)]  = 


(-1, -1)(  4 ),dimo(R),  (-1)(2)  . 


Recall  also  that  C = b{V)  if  n is  even  and  C = b{V)o  if  n is  odd.  In  all  cases, 
C is  a central  simple  Q-algebra  and  C is  a representative  of  the  element  (— 1,— 1)(  ) 

in  Br(Q). 
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Proposition  3.6.7  Set 


Ti  (^2  ^2+1  )^i  * * • ^22  f ^ 1,  2, . . . , n 1 


n 


7o 


==  6 • • -^n  = 6 I n?2  ) = 


i=l 


Then  7^  is  an  invertible  element  of  C.  Furthermore 

(^)  7i^  = ~2(— 1)(  2 ) for  i = 1^2, ...  ,n 

(ii)  72  = _(_i)(T) 

(in)  7i7j+i7i  = 7i+i7i7i+i 

(iv)  [7i,7^-]  = -l 

(v)  [72,7o]  = -1  (i  > 1) 

(vi)  7i7o7i7o  = -7o7i7o7i- 


- 1 


for  i = 1,  2, . . . , n 

if\i-3\  > 2 


Proof:  {i),  (Hi)  and  (iv)  follow  from  the  Proposition  5.4  of  Turull  [25].  The 
rest  follows  from  Lemma  3.6.4.  ■ 

Let  B be  the  quaternion  algebra  generated  by  Ci  and  (2  such  that 

Cl'  = -2ei(-l)("^'),  Cl  = 1,  C1C2  = -C2Ci- 

Then  B represents  the  element  1 in  Br(Q). 

Let  D be  the  quaternion  algebra  generated  by  a and  b such  that 

a'  = 2£i£2,  b^  = 1)  ab  = —ba. 

Then  D also  represents  the  element  1 in  Br(Q). 

Let  A be  the  quaternion  algebra  (— 1,— 1)1  ^ \ Then  we  have  the  following 
fundamental  theorem: 


Theorem  3.6.8  A ® B ® C ® D = 1 in  Br(Q).  Furthermore,  the  multiplicative 
subgroup  generated  by 

1 1 

1 <2>  -Cl  ® 7i  ® 1,  1 <S»  -Cl  ® 7o  ® a (i  = 1,  2, . . . , n - 1) 

is  isomorphic  to  Wn[s\,e2,  —1,  —1,  —1]  under  the  isomorphism  which  sends  —1  to  —1, 
1 <8>  4Ci  ® 7i  <8>  1 to  ai  and  1 ® 5C1  ® 7o  ® « to  t for  i = 1,2, . . . ,n  — 1. 
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Proof:  Since  A = (—1,  — 1)^  ^ ) = (7  in  5r(Q),  and  B = D = 
follows  that  A®B®C®D  = 1 in  Br{Q).  Next 


1 ® ^Ci  ® ® 1 

1 0 ^[-2£i(-1)("2')]  0 [-2(-l)("^')]  0 1 


= £i[l0  10101] 


1 0 ^Ci  0 7o  ® 


(_1)(  2 )]  (g)  2eiE2 


= <^2- 


1 

(cTiCTj+i)^  = [10  -Cl  0 7i7i+i  ® 1] 

= ei[l0l0l0l] 


And  when 


* - J 


> 2 


{aiajf 


= [10  -Cl  0 7i7j  ® 1]' 

= 10^0  (7i7j)^  ® 1 
= (-1)(1  0 1 0 1 0 1) 


When  z > 1, 


= -1. 


{(7iTY  = 


[1  0 ^Ci  ® 7i7o  ® af 


1 in  Br{Q),  it 
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= [1  0 2 ) (g)  o]^ 

= 10^0  {lilof  0 

= 10  7 0 (-2)  0 2eiE2 

4 

= —6162(1  0 10101) 

= —6162- 


(aiT^  = 10^0  (7i7o)^  0 

= ^(1010(7170)^01) 

1 

= -(10  10  (-4)  0 1) 

= -1. 


The  above  computations  show  that 

1 0 ^Ci  0 7i  0 1,  10  ^Ci  0 7o  0 a (i  = 1,  2, . . . , n - 1) 

satisfy  the  defining  relations  of  lT„[ci,  ^2,  ~lj  ~1)  ~1]-  H is  not  hard  to  show  that  the 
group  generated  by 

1 1 

1 0 -Cl  0 7i  0 1,  10  -Cl  0 7o  0 a (i  = 1,  2, . . . , n - 1) 

has  order  at  least  2|1T„|,  and  hence  is  isomorphic  to  Wn[6i,62,  —1,  —1,  —1]  as  desired. 
This  completes  the  proof  of  the  theorem.  ■ 

By  above  theorem,  A ® B ® C ® D is  a central  simple  algebra  representing 
the  element  1 G 5r(Q).  So  we  may  identify  A®B®C®D  = EndQ(P)  for  some 
irreducible  A®  B ® C ® £>-module  P.  Also  by  the  above  theorem,  we  may  identify 

o-j  = 1 0 7C1  0 7i  0 1 


r = 1 0 -Cl  0 7o  0 o 
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in  A<^B®CiS)D  {i  = 1,2, . . . ,n  — 1)  and  Wn[£\-,£2-,  — ~lj  ■"!]  niay  be  identified 
with  the  multiplicative  subgroup  olA®B®C®D  generated  by 

1 1 

1 0 -Cl  0 7i  0 1,  1 0 -Cl  0 7o  0 a (*  = 1,  2, . . . , n - 1). 

Henceforth  we  use  these  identifications.  We  then  view  P as  a 

HCi[£:i, £2,  — — Ij  — l]-module  by  restriction,  and  as  such,  let  3 be  the  character 
afforded  by  P.  The  next  lemma  gives  us  the  relations  between  and 

Lemma  3.6.9  Let  G denote  HCi[ei,£2,  — 1,  — 1,  — 1]  H = G'  denote  the  distin- 
guished normal  subgroup  with  G/H  '2::^  Z2  X Z2.  Then  we  have 


Proof:  Since  the  action  of^0P0C0P  by  left  multiplication  on  itself  is 
isomorphic  to  its  action  on  [dim{A  0 B ® C 0 = dim{P)  copies  of  P.  This 

enables  us  to  calculate  the  trace  on  P of  many  elements  ofA0P0C0P. 

To  evaluate  S(o;),  w € Wn[£i,£2i  —1,  —1,  — 1]»  assume 


1 


/ 


w = 1 0 I -Cl  1 0 17  0 aP,  rj  e C. 


Then 


3(o;)  = trace{ui)/dim{P) 


It  is  easy  to  see 


traceiu}) 


trace(T)  ■ trace  f 2*^0  trace{ji)  ■ trace{aP) 

dim{A)^H,{l)  ■ dzm(P)C0  f(^Ci)*^  • dim{G)^<n{7])  ■ dim{D)^^{a'^) 

46(1)  • 46  ((^Ci)'l  • dfm(C)6(?y)  • 46(a”*) 

8^  ■ dim{G)  ■ -6(^7) -6(0 

8^  • dim{C)  • 6(<^)> 
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where  ^0(u>)  denotes  the  constant  term  of  cj. 


Note  that 


^0  I (^Ci)'  ) T^Oiffl  = 0 (mod  2) 


and 


^0(0”^)  0 iff  m = 0 (mod  2). 


In  the  following,  we  will  focus  on  computing  ^0(0;)  with  l,  m even. 

Let  u)  = u>ai3  = uJiu>2  ■ ■ ■ u)ii^a)^[^2  • • • ^/(/3)  ^e  the  canonical  element  so  that 
Co  belongs  to  the  class  indexed  by  («,/?).  Assume  ol  = (ai  > a2  > ...a;(Q))  ,(3  = 
{Pi  > p2>  ■ --Pm)  where 

= CToi-i+l  • • • crai-2<^a;-l  (oi  = Q!l  + • • • + CKj) 


— (^bi-i+1  • ■ ■ (^bi-2<^bi-lTbi  — |0!|  + /3i  + . . . + Pi) 


and 


Ti 


-1 


First,  consider  the  case  u>  = Ui.  Then 


1 


a,:-l 


= 1 ® 1 2^1  ) ® 7ai_i  + l • • • lai-2lai-l  ® 1, 


where 


(U^ir  ' [(ea,_i  + l - ea,_i+2)  . . . iU-1  - eaj] 


7ai_i  + l • • •7aj-27aj  — 1 


if  2 /fn 


(-!)<"■>  [(«.,--.+i  - «a,-,+2) . . . K.,-i  - ?«,)]  if  2|n. 


It  follows  = 0 unless  aj  — 1 = 0 (mod  2),  i.e.,  is  odd. 
Since 


^0  [(^ai_i+l  ^ai_i4-2)  • • • {^ai~l  ^Oi)]  ~ ( 1)  ^ ? 


we  have 


= < 


(-1) 


if  2 /n 


if2|n. 


84 


It  follows  that 


l{a) 


^0  (wi . . . o;/(q))  = ^${u)i) 


i=l 


n'L1(-i)“f“(ic.)“'^'(nfi) 


/ 1 ^ \at-l 


a;-l 


if  2 /n 


< 


‘)‘^(K0“'"‘(n«ir'‘  if  2 


n. 


Denote  C = 4Ci>  then  ^ ') 


Note 


l{a) 

E 

i—1 


l{a)  - 


a 


{mod  2)  if  0!j  = 1 {mod  2) 


It  follows  from  Lemma  3.6.4  that 


^0(wi . . . o;/(q))  — 


( _ 1 ) E'L“i’  ^ (^E -L"' K - 1) ^E;L7 (“i  - 1) 


if  2 J(n 


(_1)E'L“?  (“2O  (-1)E'L“>  ^^E'L“/K-i)^E'L“i\«f-i)  if  2 


n. 


if2|n 


For  negative  cycle,  in  general 


if  2|n. 


UJ  — CTj+l  • ■ • (^j+k—l'^j+ki 


then 


(7j+i . . . aj+k-1  = 1 ® C*"  ^ ® 7j+i  • • • 7j+fc-i  ® 1) 


(0+1  0+2)  • • • (0+^-1  0+fc)^ 


fe-1 


if  2 J(n 


7i+i  • • • Ij+k-i 


te+i  - 0+2)  ■ • ■ (w-i  - if 2 


n, 


^j+k  (^1)  ^j-\-k~l  * • * * • * f^j+A:— 1 

= £•^■^*'“^(1  (g)  0 ^j^k-1  ■ ■ ■ 7i7o7i  • ■ • Ij+k-i  O a), 
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if  2 /n 


'Ifj-hk—i  • • • TiToTi  * • • T^+fc— 1 


(note  7o  = 60- 

Therefore,  if  2 J(n,  we  have 


(_iy+fc^2(j+fc-i)+i(_2)j+fc-i^^.^^  if  2|n. 


) ~ + l l^j+fe) 

1)4-2(j4'A:— 1)+1  ^ 

’(^j+1  ~ ^j+2)  • • • {^j-\-k-l  ~ ^j+k)^j+k' 


If  2|n,  then 

) ^0(^7  + ! • • • ^ j-^-k  — l'^j+k) 

— ^{k-l)+2{j-\-k  — l)+l  ^ 1)  ^ ^ 

‘(0+1  ~ 0+2)  • • • (0+^-1  ~ 0+^)0+^* 

Note  that  (O+i  — O+2)  • • • {^j+k-i  ~ 0+^)0+^  constant  term;  in  other 

k 

words,  it  is  zero  unless  k is  even,  and  in  that  case,  it  is  (—1)2.  Therefore,  we  may 


assume  k = 0(mod  2),  then 

^3^+k-i^2j+3k-2t2y+k-l^2j+3k-2^_-^^^ 


if  2 J(n 


6(<^')  = < 


(^-.l){\')+j+k^j+>^-^(^2j+3k-2(^_2y+k-1^2j+3k-2(^_-^^^^  jf  2 


n 


(_2ei)l+^-l(^^)21+3fc-2(_i)| 


if  2 J(n 


fc-i 

2 


(-1 

It  follows  that  if  2 J(n,  then 


)+i+fe^_2^j)j+fc-l(^^)2j+3fc-2^_;L)|  if  2| 


n. 


j + 1 + 2i±|^  22  + jfc  - 1+ 2i±|^ 
^1 


4?'+3fc  . fc  • 1 

^ 2“2(-1)2+J-i 


-2 


2 ^_2^|+i+^-i 


^ A:  . .A: 

= ^22“2(_1)2. 
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(since  2 J(n,j  = n {mod  2)  implies  j — 1 = 0 {mod  2)). 
If  2|n,  we  have 


(since  j = \a\  + (3i  + . . . Pi-i,  2|/?j,  it  follows  j = l{a)  = n = 0 (mod  2)) 


In  general,  let 


LO 


' = uj[. . . Wum  = 1 ® I ) (g)  77  0 a 


1 


m 


m 


Note  trace  ^ 0 only  when  l{(3)  is  even.  In  that  case,  = (a^) 


H/3) 


K0) 


(2ei£2)  2 . It  follows  that 


m 


^0(0;')  = (i  = |al  + A + = A) 


i=l 


If  2 /n,  then 


K/9) 


^0(0^')  = in^i^2-^(-i) 


a 


m 


i=l 


- /3 


= ^ 2 2 51: 

= a'(^)ej^2“^(-l)^ 

= (2eie2)^el^2-^(-l)^ 

= ef^e2^2^(-l)‘^. 


If  2 n,  then 


^0(0;')  = 


a 


m 

mY[{_, 

i=l 


U/3)  ^0-^7  ^\^ 

= a '''^'Si  2 2 (—1)  2 

= (2ei£2)  ^ Si  2 2 (-1)  2 


'tf)+l^l  Ml  H0)-\i3\ 

= £1  ^ 


£2" 


From  tha  above  arguments,  we  have  ^niiuJais)  = (o»i . . . uji(^a)^[  • • • 


m 


unless  a G OP,  (5  € EP,  where 


1 


LOap  = Wi  . . . = 1 ® (;^Cl)  <S>  ^ ® O 


m 


So  for  the  rest  of  proof,  we  assume  a G OP,  (3  G EP. 
Recall  that 


. . .LUi(a))  = (^y) 


|q:|-Uq) 


(-1) 


If  2 J(n,  we  have 


^0  (^1  ■ • • 


£l  |a|-i(g)  , |a|-l(g)  Mlpm  ‘JM  1(0)-\I3\  |£[ 

( ) 2 (-1)  2 £^2  2 2 (-1)  2 


■q-t(°)+'(^,)  Ml  i(a)+K/3)-n  n-l(cc) 

I ^20  o f 2 


= ‘ £2'  2 2 


If  2 n,  we  have 


^0(a;i  . . . LOi(^a)<^[  • ■ • ^l{(3)) 


n-I(g)-fI(/3)  /(g)-|-|(^)-n  n-l{a) 


= 6 


1 


60^  2 


(-1) 


+i{p) 


It  follows  that 


^{a,  (3)  = trace{ujai3) / dim{P) 


8^  • dim(C)  • ^(j){uJaf3)/dim{P) 
8 • dim{Cp  ■ ^${uJa(}) 


since  dim{P)  — 8 • ^JdimiC) 


Recall  that 


dim{C) 


2”  if2|n 
2"-^  if  2 /n, 


If  2 /n,  then 


0/  Q o—  " lip.  ' n-l(o)  i(g)+i(^)-n 

S(q:,  p)  = 8 • 2 2 2 ^^2  2 2 2 

n-I(a)4-I(/3)  /(^  n-l(a)  /(a)+/(/3)-l 

= 8-£i  ^ £2^  (-1)  2 2 2 . 
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If  2|n,  then 


S(a,/3)  = 8-2te; 


+/(/3) 


l{0) 


n — l{a)  /(g)-f-I(/3)  — n 


(-1)  > 2 


= 8 • ^ 


n-l(a)+l(0)  1(0) 

2 


n — Z(g) 


£2^  (-l)'“^+'^^^2 


i(g)+i(/3)-l 

2 


We  just  proved  the  following: 
If  2 /n,  then 


8 • 6^ 
0 


^ £2  (-1)  2 2 2 if  a e OP, /?  G 


otherwise  . 


If  2 n,  then 


^{a,(3)  = 


8 

0 


n-l(a)+l(0)  1(0) 


1 


if  a G OP,  P G EP 
otherwise  . 


This  shows  that  the  two  characters  S and  have  the  same  values. 


Therefore 


Now  the  proof  is  complete. 


To  make  it  simple,  we  will  denote  by  'tp  in  the  following  study. 


Lemma  3.6.10 


4)  + e'lp  + 6'ip  + e6ip  if  2 /n 
2('0  + £'0)  if  2|n. 


Proof:  If  2 /jn  then  L{'ip)  = {!}•  This  implies  ^p\H  = 0 G Irr{H).  By 
Gallagher’s  Theorem  of  Isaacs  [9],  we  have 

6^  = Ip  + e'lp  + 6ip  + eSip, 

because  {1,£,  5,  £5}  are  all  the  irreducible  characters  of  0/P  ~ Z2  x Z2.  It  follows 

(■01//)^  = 'ip  + exp  + S'lp  + eSxp. 
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If  2|n,  then  L{'ip)  = {l,e(5}.  By  Theorem  3.1  of  Stembridge  [23],  we  have 


V’Ih  = + O2,  0\^02^  Irr{H) 


where  01,02  are  G-conjugate.  We  have  0f  = 02-  Hence  {iP\h)^  = 20f. 

Let  I = Ig{0\)  be  the  inertia  group  of  0\,  then  |G  : /|  = 2 (because  'tp\n  = 
0\  + 02-,  01  ^ 02  ^ Irr{H)).  By  Clifford’s  Theorem  we  get 

{0{)\h  = \I  : H\0r  = 20,. 


It  follows 

[^1,  ^1]/  = [^1,  {0i)\h]h  — 2. 

Therefore 

0{  = V1  + V2,  <^\i^‘~p2^  Irr{I). 

It  then  follows  from  Gallagher’s  Theorem  6.17  of  Isaacs  [9], 

(^/;|h)^  = 20^  = 2{0f)  = 2((^i  + (f2)^  = 2{(ff  + (P2), 

e Irr{G). 

Since  [tp,  = ['*/’]//>  ”01//]  7^  0,  we  may  assume  (pf  = 'ip.  Since  eV’l//  = 

iP\h,  we  have  [etpln,  ^1]  ^0.  By  6.11  of  Isaacs  [9],  there  exists  some  x ^ Irr{I)  such 
that 

[x\h,0i]  7^  0,and  exp  = 

Note  that 

0 ^ [xh,  0i]  = [x,  0{]  = [x,  <7’i  + V2]  = [x,  T’l]  + [X,  V2] 

implies  x = T’l  or  (^2,  consequently,  x^  = V^f  = fp  or  x^  = ^2-  Now  because 
ip  ^ eip,  x^  — '^21  conclude  P2  — 

The  proof  of  the  lemma  is  now  complete.  ■ 


Corollary  3.6.11 


^ _ f 2('0  + sip  + 5ip  + s5ip)  if  2 /n 
I 4{ip  + sip)  if  2|n. 

Proof:  It  follows  from  the  previous  two  lemmas.  ■ 


Corollary  3.6.12  Let  P be  a QG-module  affording  Aq{P)  :=  EndQa{P),  then 


dimQAo(P) 


16  if  2 /n 
32  if2|n. 


To  finish  this  section,  we  want  to  calculate  the  algebra  Aq{P).  We  have  the 


following  theorem. 


Theorem  3.6.13  Let  P be  a QG-module  affording  9. 

If  2 fn,  then 

Ag{P)  ss.  (—1,  — 1)(  4 ) (g)  ^i(g)  < > 0l(g  < a >) 


(-1,-1 


)(  4 ) 0 Q |"Y^-2ei(-l)(  2 ® Q 


7/ 2 In,  then 


MP) 


~ f_i  _n("r)0/ 

~ (-1,  -1)("4')  0 (2si,  (-1)"/^)  ® Q {V2eiS2) 


In  addition,  let 

Sp  = 1®C2®1®^ 

Sp  = l(g)l®l(g)6 

then  Sp  is  an  e-associator  of  P and  {Spff  = 1;  Sp  is  a S-associator  of  P and 
{Spff  = 1.  Furthermore 
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Let 


Jp  = l®l0l®a 


then  Jp  ^ 2^(j4o(-P)))  ^ Q and 


JpS%  = -S^pJp 


JpS^P 


SUp- 


Proof:  Suppose  2 J(n,  then  dimQAo{P)  = 16,  and  therefore 


Ag{P)  ^<8>Q(Ci)0Q®Q(o) 

~ (-1,  -1)("4')  (g)  Q 0 Q (x/2ei£2) , 

here 

{(—1,  —1)  in  Br{Q,)  when  n = 3, 4,  5, 6 {mod  8) 

(1, 1)  = 1 G Br{Q)  when  n = 1, 2, 7, 8 {mod  8). 
Suppose  2|n,  then  dimQAa{P)  = 32,  and 


Let 


Endci{P)  ~ A 0 (Cl,  C2)  0 C*  0 (a,  h). 


a = 10  Cl  0101 

j3  = I0C20C0I 

7 = I0l0l0a. 


Then  ajd  = —fda,  o,  /3, 7 G Aa{M),  [7,  (,  a,  I3)]  = 0.  Note 

c2_j  (-1)"/"  if2|n 

^ X (-l)("-i)/2  if  2 |n, 

it  then  follows  from  Theorem  2.8.2  that 


Ag{P)  ^ A 0 (a, /?)  0 (7) 

— (-1, -1)(  ^ ^ 0 (o^,/3^)  0 Q 

2:^  (-1,  -1)(  4 ^ 0 ^-2£i(-1)("2*),  (-l)"/^j  0 Q {V2eie2) 
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Notice  (— 1)(  2 ) = -virhen  2\n  , then  result  follows  from  Proposi- 


tion 2.5.1. 


The  remaining  statements  are  straightforward. 


3.7  The  Algebras  Associated  with  Double  Product 


In  this  section,  we  study  the  structures  of  the  algebras  associates  with  the 
twisted  product  of  two  modules.  These  results  can  be  applied  in  Chapter  Four  to 
simplify  the  calculation  of  algebras  associated  with  the  spin  representations  of  the 
double  covers  of  VF„. 

If  M is  a QG-module,  we  will  use  notation  Aq{M)  to  denote  the  algebra 
Aa{M)  :=  EndQa{M).  We  will  also  use  the  notation  [i,  j]  to  denote  the  commutator 
of  i and  j,  i.e., 

[hj]  = 

If  [hj]  = 1,  we  say  that  i and  j commute;  on  the  other  hand,  if  [i,  j]  = — 1, 
we  say  that  i and  j anti-commute. 

First,  we  like  to  recall  the  definition  of  associator  associated  with  modules 
(refers  to  Section  2.4). 

Let  G be  a group  with  a normal  subgroup  H such  that  G/H  Z2XZ2.  Recall 
L = {l,e,S,s5}  denotes  the  four  linear  representations  of  G with  H in  their  kernel. 

Let  M be  a QG-module  affording  a character  y,  L can  on  the  QG-modules 
via  M V ® M {v  ^ L).  \i  M ~ v ® M,  we  say  M is  self-associate  (with  respect  to 
ly);  otherwise,  we  will  say  that  M and  u®  M form  an  associate  pair  (with  respect  to 

p). 

If  M is  self-associate,  there  exists  an  endomorphism  S G GLq{M)  such  that 


gSv  = p{g)Sgv 

for  all  V G M,  g & G.  We  will  refer  to  S as  an  i^-associator  of  M.  Sometimes,  we  use 
notation  to  indicate  that  is  an  i/- associator  of  M. 


93 


We  use  the  notation  L{M)  — {u  ^ L\M  ~ u ® M}  to  denote  the  stabilizer  of 
M. 

Before  we  calculate  the  algebras  associated  with  double  covers  of  we 
establish  some  basic  results  related  to  associators. 

Lemma  3.7.1  Let  G = W„[a],  and  H be  a subgroup  of  G such  that  {—1, 1}  C H and 
G/i7~Z2xZ2.  Let  M be  a QWn[ct]-module.  Denote  Ac{M)  = EndQG{M),  Ah (M)  = 
EnddniM). 

Let  Aq{M)  be  a basis  of  Ag{M)  over  Q.  And  let 

L\M)  = L{M)} 

where  is  a representative  of  u-associator  with  S'fj  = 1 if  u = 1. 

Then 

L‘^{M)Al{M)  - {ST  : S G L^{M),T  e A^(M)} 
is  linearly  independent  over  Q. 

Therefore,  L^{M)Aq{M)  forms  a basis  of  the  subalgebra  < Ao{M),  L‘^{M)  > 
of  EndqH{M).  In  other  words,  EndQniM)  has  a subalgebra  generated  by  Ao{M)- 
and  L°'{M)  with  dimension  at  least 

dimQAciM)  x \L{M)\. 

Proof:  If  L{M)  = {!},  the  result  is  obvious.  For  the  rest  of  cases,  since  the 
proofs  are  the  same,  we  like  to  take  L{M)  = {l,e,5, eci}  as  an  example  and  show 
that 

L‘^{M)Al{M)  = [ST  : S G L^{M),T  e A^iM)} 
is  linearly  independent  over  Q. 

Let  ti  {i  = 1,2, 3, 4)  be  a Q-linear  combination  of  the  elements  of  Aq{M)  and 

assume 


"h  — 0. 


(3.5) 
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To  finish  the  proof  of  the  lemma,  we  only  need  to  show 


t\  — t2  — tz  — — 0. 


Recall  from  the  definition  of  associators,  we  have 


II 

b 

b 

1 

‘S'mT?  “ 

Tj  sij . 

q5 

— 

q6 

QsS 

‘^M'3  ~ 

QSS 

— T-  q^^ 

Now  applying  the  both  sides  of  ( 3.5)  to  CTj,  we  get 


Shh  - Slft2  + Sifts  - SmU  = 0. 


M 


M' 


'M' 


(3.6) 


By  adding  the  two  equations  ( 3.5)  and  ( 3.6),  we  get 


— 0. 


M' 


(3.7) 


Then  applying  the  both  sides  of  ( 3.7)  to  we  get 


— 0. 


M' 


(3.8) 


By  adding  the  two  equations  (3.7)  and  ( 3.8),  we  get 


Sj^t\  — 0. 


(3.9) 


It  follows  immediately  from  above  equation  that  = 0. 
Then  ( 3.7)  implies  that  ts  = 0.  It  then  follows  from  ( 3.5) 


S%jt2  + — 0. 


(3.10) 
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Now  applying  the  both  sides  of  ( 3.10)  to  tj,  we  get 

SMt2  - = 0.  (3.11) 

By  adding  the  two  equations  ( 3.10)  and  ( 3.11),  we  get 

Sljt2  = 0.  (3.12) 

It  follows  immediately  from  above  equation  that  t2  = 0.  It  then  follows  from 
( 3.10)  that 

= 0.  (3.13) 

And  so  finally  we  get  ^4  = 0. 

We  just  proved 

t-^  = t2  = ts  = U = 0 

as  we  desired. 

Therefore 

L‘^{M)Al{M)  = {ST  : S G L^{M),T  e A^(M)} 

is  linearly  independent  over  Q. 

The  proof  is  finished.  ■ 

Theorem  3.7.2  Let  N be  aQWn  [a]-module,  M be  a Q,Wn[0\-module,  as  usual,  then 
N ® M can  be  viewed  as  a Q,Wn[oc(3]-module.  If 

diniQAo{N  (g)  M)  = diniQAo{N)  x dimQAo{M)  x |T(AT)  n L{M)\ 

then 

Ao{N  0 M)  ~<  Ao{N)  0 Ao{M),  S''^  ® Sfr  : ^ ^ ^ L{N)  n L{M)  > . 


In  addition,  l®Sf[  and  both  can  be  chosen  as  v-associators  ofN^M. 
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Proof:  Let  Ha  be  a subgroup  of  W„[o;]  such  that  {—1,1}  C Ha  and  Wn[a]/H  cr: 

Z2  X Z2.  The  subgroup  Hp  of  and  the  subgroup  H of  VLnfo;/?]  have  similar 

definitions. 

Let 

T = EndqHai^)  ® EndQHpiM)  C End^niN  ® M). 

By  the  above  lemma,  L°'{N)Aq{N)  is  linearly  independent.  Similarly,  L°‘{M)A\{M) 
is  linearly  independent.  It  then  follows  that 

L^{N)A\^{N)  ® L^{M)Al{M) 

is  linearly  independent  over  Q. 

Let 

To  = {S-;,Al{N)  0 S-^AliM)  : e L{N)  n T(M),  } 

note  that  it  is  also  linearly  independent  over  Q. 

Obviously,  To  C Ao(N  ® M) , and 

|To|  = dimqAoiN)  x dimQAo{M)  x |T(A^)  n T(M)| 

= dimQAo{N  0 M). 

It  follows  that  To  is  a basis  of  i4o(A^  0 M),  and  therefore 

Ao{N  0 M)  ~<  Ao{N)  0 Ao{M),  S''^  0 u e L{N)  0 L{M)  > . 

The  proof  of  the  theorem  is  now  complete.  ■ 

Lemma  3.7.3  Consider  a group  pair  (G,  H),  G/H  ~ Z2  and  let  {1,  u}  be  the  linear 
representations  of  G/H ; and  they  can  be  also  regarded  as  linear  representations  of  G. 
Assume  M is  a QG-module,  and  M be  u-associate,  i.e.,  v>  ® M ~ M and  let  Sm  be 
a u-associator  such  that  S\j  is  a scalar  in  Q. 

Suppose  there  exists  an  invertible  Jm  £ Aq{M)  :=  EndQa{M)  such  that 

JmSm  = —SmJm 
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and  denote 

Cmm){Sm)  = {fe  Ao{M)  : JSm  = 5m/}, 
i.e,  is  the  centralizer  of  Sm  in  Aq{M),  and 


= {fe  Ao{M)  : JSm  = SmI}, 


we  call  C'^p(m)(5m)  the  anti- centralizer  of  Sm  in  Aq{M). 
Then 


Aq{M)  — CXo{m)(Sm)  ® ^ Ao{m) 
dimQC^^^j^^{S m)  — 


(5m), 

(5m)- 


Furthermore  we  have  the  equations 


5mC'^o(M)(5m)  — ^Ao(M)iSM) 

mC m)  = ^Ao{m)^^m)- 


Proof:  It  follows  from  the  definition  of  z^-associator  that  5m  can  act  on  Aq{M) 
by  conjugation.  Since  5m  is  a scalar,  S\j  acts  on  Aq{M)  trivially.  We  conclude 
that  Ao{M)  is  the  direct  sum  of  the  two  eigenspaces  C'^o(m)(5m)  and  C^,j^JSm)- 
Actually,  Cao{m)^^^)  eigenspace  with  the  eigenvalue  1 and  Cao(m)^Sm)  is  the 

eigenspace  with  the  eigenvalue  —1.  Therefore,  we  have 


Ao{M)  - C';^3(m)(5m)  © C'^o(M)(‘^Jw)- 


Next,  it  follows  from  the  definitions  of  Jm,  C'^o(m)(‘^a^)>  ^Ao(m)(^^) 

This  forces 

dimqC m)  — dimqC m)  ■ 


The  lemma  is  now  proved.  ■ 
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Theorem  3,7.4  Let  N be  aQWn  [a]-module  and  M be  a QWn[l3]-module.  Assume 
dimqAo^N  (S>  M)  = dimQAo(N)  x dimQAo{M)  x \L{N)  n L{M)\. 

1.  Assume  L[N)  n L{M)  = {1},  then 

Ao{N  (8>  M)  ~ ^o(A^)  ® Ao{M). 

2.  Assume  L{N)C\L{M)  = {1,  u},  let  Hi\r,  Hm  be  the  kernels  of  u respectively. 
Consider  the  two  group  pairs  {Wn[o(],  H^)  and  {Wn[/3],  Hm). 

If  A = Aff^{N)  is  a CSGA  of  even  type,  assume  dimQA  = 2 x dimqAo.  Let 

A ~ [D,0,d],Ao  = Ao{N) 

Z (^Aq)  — Q “I"  iQ,  = (i  G . 

where  D can  be  chosen  to  be  a quaternion  algebra. 

Let  Sm  be  a u-associator  of  M such  that  S\j  G Q^.  Suppose  there  exists  an 
invertible  Jm  £ Aq{M)  such. that  JmSm  — —SmJm-  Then 

Aq{N  (g)  M)  ~ R®  < 1 (g)  Cao{m)[Sm)a  ® Jm  > 

where  R =<  Ao{N)  0 1,  0 Sm  > o-nd  [i?]  = f-4](d,  S\j)  in  Br{Q,). 

If  A = Ah,^{N)  is  a CSGA  of  odd  type,  let 

A ~ [D,l,d],Ao  = Ao{N) 

Z(A)  — Q "h  <S';vQ)  S^  = c?  G . 

Note  that  S^  is  a u-associator  of  N. 

Let  Sm  be  a u-associator  of  M.  Then 

Ao(iV0M)  ~ Ao(A)0  < -Sat  0 Sm,  1 0>  Aq{M)  > . 

3.  Assume  L{N)  fi  L{M)  = {1,  e,  S,  s5},  then 

Ao{N  0 M)  =<  Aq{N)  0 Aq{M),  S%  0 Sm,  5^  0 5^  > . 
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Furthermore  suppose  Ao{N)  is  a central  simple  algebra  and  associators  Sff, 
can  be  chosen  such  that 


[Ao(iV),5^]  = l = [Ao(iV),5^]. 

Then 

Ao{N  ® M)  ~ Ao{N)®  < 1 0 Ao{M),  5^  0 S^,  5^  0 5^  > . 


In  addition,  assume  Aq{M)  is  a central  simple  algebra  and  associators  S^f,  5^ 


can  be  chosen  such  that 


[Ao{M),Sl,]  = l = [Ao{M),Si,], 

then 

Ao{N  0 M)  ~ Ao{N)  0 Ao{M)®  < S%  ® S^,  5^  0 > . 

Here  < S%  0 S%j,  0 5^  > has  one  of  the  following  structures: 

(i)  it  is  a quaternion  algebra  or 

(a)  it  is  a direct  sum  of  fields  and  each  summand  is  isomorphic  to 

Q ’ y/ ■ 

Proof:  We  divide  the  proof  into  several  cases: 

1.  Assume  L{N)  D L{M)  — 1,  then  the  result  is  obvious. 

2.  Assume  L{N)  fl  L{M)  = If  first  A is  a CSGA  of  even  type.  By 

Lemma  3.7.3 

dimQAo{M)  = 2 x dimciC Ao{m){S m) ■ 

By  Lemma  2.5.5  there  exists  some  i^-associator  5;v  ^ A\  such  that  iS^i  = —S^^i 
and  < i,  5jv  > is  a quaternion  algebra. 

Let  R —<  Aq[N)  0 1,Sn  ® Sm  >■  By  Theorem  2.5.6  i?  is  a central  simple 
algebra.  Notice  < i 0 Jm,  1 ® Cao(m){Sm)  ^ Cao(n®m){R)-  By  a dimension  count 
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and  Theorem  2.8.2,  we  get 

■Aq{N  0 M)  — R®  < i ® Jmi  1 ® Cao(m){Sm)  > • 

By  Theorem  2.5.6,  we  have 

[i?]  = [A]{i^ , Sif)  = [A]{d,Slf) 

in  jBr(Q). 

If  next  A is  a CSGA  of  odd  type,  since  Aq{N)  is  a central  simple  algebra  and  < 
l0Ao(M),  5jv<8>*S'jvf  >C  Cyig(^Nig)M){Ao{N)),  by  a dimension  count  and  Theorem  2.8.2, 
we  get 

Ao{N  0 M)  ~ Ao{N)®  < 1 0 Ao{M)  , S'iv  0 Sm  > . 

3.  Since  Aq{N)  is  a central  simple  algebra  and  <10  Ao{M),  0 Slj,  Sf^  0 
Sif  Cao{n®m){^o{N)),  by  a dimension  count  and  Theorem  2.8.2,  we  get 

Ao{N  0 M)  ~ Ao{N)®  < 1 0 Ao{M),  S%  0 5^,  5^  0 5^  > 

Additionally,  under  the  condition 

|/i„(M),sy  = i = p„(M),5y 

by  the  same  argument,  we  have 

< 1 0 Ao(M),  S%  0 5^,  0 Si^  >~  Ao(M)0  <S%®  5^,  Sf,  0 >, 

therefore,  we  get 

Ao{N  0 M)  ~ Ao{N)  0 Ao(M)0  < S%  ® 5^,  5^  0 5^  > . 

Finally,  if  and  5^05^  anti-commute,  they  generate  a quaternion  al- 

gebra as  we  claimed.  If  5^05^  and  5^05^  commute,  they  generate  a 4-dimensionaI 
abelian  Q-algebra.  Then  our  desired  result  follows  from  the  Corollary  2.8.5. 
Therefore  the  theorem  is  now  completely  proved.  ■ 
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Corollary  3.7.5  Assume  that 

dimciAo{N  0 M)  = dimQAo{N)  x dimQAo{M)  x |Z/(A^)  n L{M)\ 

and  L{N)  fl  L{M)  = and  also  that  A is  a CSGA  of  odd  type,  and  a u- 

associator  Sm  can  be  chosen  such  that  G Q^. 

If  there  exits  Jm  G Z{Aq{M))  such  that  JmSm  = —SmJm  «,'<^d  Jff  G Q^, 

then 

Aq(^N  0 M)  — Ao(A)  0 {Jmi  ® Cao{m){Sm)- 

Proof:  By  assumption  < Jm,  Sm  > generates  a quaternion  algebra  ( J|/,  Sm). 
By  Lemma  3.7.3,  we  get 

dimciAo{M)  = 2 x dimqC Ao{m){S m) ■ 

Then  by  a dimension  count  and  Theorem  2.8.2  we  get 

< 1 0 Ao[M),  Sn  0 Sm  >— < 1 0 Jm,  Sn  0 Sm  > 0 (l  0 Cao{m){Sm))  ■ 

As  the  result,  we  have 

<10  Aq(^M),  Sisf  0 Sm  >—  {Jm,  S%Sf^)  0 Cao{m){Sm)- 

Consequently 

Ao{N  0 M)  ~ Ao{N)  0 ( J^,  SlSl)  0 Cao(m){Sm). 


Corollary  3.7.6  Assume  that 

dimqAoiN  0 M)  = dimQAo{N)  x dimQAo{M)  x \L{N)  n L{M)\ 

and  L{N)  n L{M)  = {l,u},  and  also  A is  a CSGA  of  odd  type  and  a v-associator 
Sm  can  he  chosen  such  that  Sm  € Q^. 
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Consider  the  group  pair  Hp)  and  assume  B = EndQHg{M)  is  a CSGA. 

IfB  is  of  even  type,  assume  dim^B  = 2 x dimqBo,  and  let 

B ~ [E,0,b],Bo^Bo{M) 

Z{Bo)  ~ Q+jQ,f  = beQ\ 

where  E can  be  chosen  to  be  a quaternion  algebra. 

Then  we  have 

Ao{N  ® M)  Ao{N)[B]{b,  Si) 

in  Br{Q). 

If  B is  of  odd  type,  let 

B ~ [E,l,b],Bo  = Bo{M), 

Z{B)  ~ Q + SMQ,Sl,  = beQ\ 

where  Sm  can  be  chosen  to  be  a v-associator. 

Then 

Ao{N  0 M)  ~ Ao{N)  0 Ao{M)  0 Q Us%Slj\ . 

Proof:  If  B is  of  even  type,  by  Theorem  2.5.6 

< 1 0 Ao{M),  Sn  Sm 

therefore 

Ao{N  ^ M)  = Ao{N)[B]{b,  S%) 

in  Pr(Q). 

If  B is  of  odd  type,  since  Aq{M)  is  a central  simple  algebra  and  [Ao{M),  Sm]  = 
1,  by  a dimension  count  and  Theorem  2.8.2,  we  get 

(1  0 Ao{M),  Sm  ® Sm)  ^ Ao{M)  0 Q Us^Sl)  , 
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therefore 

Ao{N  0 M)  = Ao{N)  0 Ao{M)  0 Q Us^SlA  . 

The  proof  is  finished.  ■ 

The  following  theorem  will  deal  with  the  case  when  one  of  the  modules  N and 
M affords 

Theorem  3.7.7  Let  N be  a QWn[a]- module  ajfording  and  let  M be  a Q1T„[/?]- 
module.  Consider  the  twisted  tensor  product  N 0 M.  Recall  the  definition  of 
in  Section  3.3  that  N has  y,x,  and  xy  as  its  e,S,eS  associators  respectively.  Assume 

dimciAo{N  0 M)  = dimqAo{N)  x dimQAo{M)  x \L{N)  n L{M)\. 

1.  Assume  L{M)  — {1},  then 

Ao{N  0 M)  ~ (61,62)  0 Ao(M). 

2.  Assume  L(M)  = {l,u},  let  H be  the  kernel  of  u.  Consider  the  group 
pair  (Wn[fi],H)  and  assume  the  graded  algebra  A = EndQH(M)  is  a CSGA  with 
Aq  = EndQc(M)  where  G = Wn[0\- 

If  A is  of  even  type,  assume  dimQA  = 2 x dimQAo,  and  let 

A ~ [D,0,d],D  = [A] 

Z(Aq)  — Q T ^Q)  i^  — d ^ , 

where  D can  be  chosen  to  be  a quaternion  algebra. 

Then 

Ao(N®M)  ~ (e,,62)AH(M)  (d,(S''^f) 

in  Br(Q). 

If  A is  of  odd  type, 

A ~ [D,l,d],D=[A] 

Z(A)  ~ Q + zQ, i e Ai, = d G 


7 
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where  i is  a u-associator. 

Then 

AoiN^M)  ~ {61,62)  ® Ao{M)  ® Q f y^o!(5j;)2J  . 

3.  Assume  L{M)  = {l,e,(5,  e(5},  then 

Ao{N  (g)  M)  ~ (£1,52)®  < 1 <g  Aa{M),y®  S%j,x®  5^  > . 

Additionally,  if  SljSl^  — Aq{M)  is  a central  simple  algebra,  and 

[Ao(M),Sl,]  = l = [Ao{M),SU 

then 

Aq{N  ®M)  ~ (£i,£2)  <8>  Aq{M)  ® {62{SIj)'^ ,6i{Shf)  . 

On  the  other  hand,  if  = —Sl^Sl^,  Aq{M)  is  a central  simple  algebra 

and 

[Ao{M),Slj]  = l = [Ao{M),Sl,] 

then 

Ao{N  ® M)  ~ (£1,  £2)  ® Ao{M)  ® R 

where  R is  a f-dimensional  abelian  Q-algebra  which  is  a direct  sum  of  fields  and  each 
of  the  summands  is  isomorphic  to 

Proof:  Notice  by  Proposition  3.3.3,  Ao{N)  ~ (£i,£2)  and  [L{N),y]  = 1 = 
[L{N),x]. 

If  \L{M)\  = 1,  then  the  result  follows  from  Theorem  3.7.4. 

If  \L{M)\  — 2,  then  the  result  follows  from  Corollary  3.7.6. 

If  \L{M)\  = 4,  since  xy  = —yx  then  the  result  follows  from  Theorem  3.7.4. 
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Next  we  consider  the  case  when  one  of  the  two  modules  N and  M affords 


Theorem  3.7.8  Let  N be  a QWn[a]-module  affording  q,  _ [si,62, 1, 1, 1]. 

Let  M be  a QWn[l3]-module.  Assume 

dimQAo{N  0 M)  = dimQAo{N)  x dimQAo{M)  x \L{N)  Pi  L{M)\. 

1.  If  L{M)  = {1},  then 


Ao{N  0 M)  ~ ^o(^)  0 Ao{M), 


where 


Ao{N)  ~ 


Q 0 Q © Q 0 Q 


if  61  = 1=62 


Q(\/^)  -\/^)  0 Q(\/^)  otherwise  . 


2.  IfL{M)  = {l,u},  let  H be  the  kernel  of  u.  Consider  the  group  pair 
(G,H)  with  G = W^n[/3]  and  the  graded  algebra  A = Au{M)  = EndQH^M)  with 
Aq  = EndQG^M). 

Suppose  A is  a CSGA  of  even  type,  assume  dimqA  = 2 x dimqAQ,  and  let 


A ~ [D,0,d],Ao  = EndQG(M) 

Z(^Aq)  — Q 0 ^Q)  = d ^ , 


where  D can  be  chosen  to  be  a quaternion  algebra. 

Then 

Ao{N  ® M)  cx  Ah  R 

where  R is  a direct  sum  of  fields;  let  Rq  be  any  of  its  summands. 
If  u = £,  then  i?o  — Q (\/^,  \/^)  • 

If  V = 5,  then  i?o  — Q (\/^,  y^)  • 

If  V = e5,  then  i?o  — Q (\/^,  . 
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Suppose  A is  a CSGA  of  odd  type,  let 

A ~ [D,l,d],AQ  = EnddciM) 

Z{A)  ~ Q + = c?  G Q^. 

Note  that  i is  a v-associator  of  M. 

If  u = e,  then 

Aq{N  ® M)  ~ Ao{M)  0 (d,ei)  0 Q(\/e2)- 

If  u = 5,  then 

Ao{N  ® M)  c=^  Ao{M)  0 {d,e2)  0 Q(\/^)- 
If  n = eS,  then 

Ao{N  0 M)  ~ Ao{M)  0 {d,  £2)  0 
3.  Assume  L{M)  = {l,e,S,e5}. 

Let  Hi  be  the  kernel  of  e and  H2  be  the  kernel  of  5.  Consider  the  two  group 
pairs  (G,Hi),{G,H2). 

Consider  the  two  graded  algebras  A = A//, (M)  and  B = Au^{M).  Assume 
both  A and  B are  CSGA  of  odd  type.  Let 

A ~ [D,l,d],Ao  = BndQG(M) 

Z (A)  — Q + iQj  = o?i  G 

where  i can  be  chosen  to  be  an  e-associator. 

Similarly 

B ~ [E,l,d2],  Bq  = EndQciM) 

Z{B)  ~ Q + jQ,f  = d2eQ^ 

where  j can  be  chosen  to  be  a S-associator. 


107 


Ifij  = -ji,  then 

Ao{N  ® M)  ~ Ao{M)  (g)  {di62,  ffi)  <g  (^2,  c?2)- 

If  ij  = ji,  then 

Ao{N  (g  M)  ~ Aq{M)  (g  (ei,  (ii)  <g  (^2,  c?2)- 
Proof:  Recall  from  Theorem  3.4.2 

Ao{N)  =<  T, T >,  = £i, T"  = £2,  A:y  = yy, 

with  A an  e-associator  and  B a 5-associator  such  that  AS  = BA  and 


AA  = 

-A A,  Ay  -- 

= 

BA  = 

AB,  By  = 

-ys. 

1.  Assume  L{M)  — 1. 

It  then  follows  from  Theorem  3.7.4  that 

Aq{N  (g  M)  ~ Aq{N)  (g  Ao(M). 

The  structure  of  Aq{N)  comes  from  Theorem  3.4.2. 

2.  Assume  next  |L(M)|  = 2. 

First  consider  the  case  L{M)  = {1,£}. 

Let  H be  the  kernel  of  e and  consider  the  group  pair  (W„[/?],i7)  and  the 
graded  algebra  A — End.QH{M)  with  Aq  = EndQw„[p]{M). 

If  first  A is  a CSGA  of  even  type.  Let 

A ~ lD,0,d],Ao  = AG(M) 

Z(Ao)  ~ Q + ^Q,^^  = dGQ^ 

By  Theorem  3.7.4,  we  get 

Ao(iV(gM)  ~<  l(gAo  (M)  , Sn  (g  Sm  > <g  < Jn  Cao{n){Sn)  <g>  1 > 
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with  Sm  = a,  Jn  = X,  Cao{n){Sn)  =<  y > 

Since  Sjf  = = 1,  it  then  follows  from  Corollary  2.5.7  that 

< 1 ® Aq[M),  0 Sm  A. 

Now  < Jat  0 Cao(n){Sn)  ® 1 >=<  A ® i,y  <S)  I >■ 

We  conclude  from  above  facts  that 

Ao{N  ® M)  ^ A®  < X ®i,y  ®1  > 

where  < <^02,3^01  > is  a 4-dimensional  abelian  algebra  which  is  a direct  sum  of 
fields  and  each  of  its  summands  is  isomorphic  to 

Q v^)  ~ Q (v^,^/^) . 

The  proofs  are  similar  in  the  cases  when  L{M)  — {1,5}  or  L{M)  = {l,e5}. 

If  next  ^ is  a CSGA  of  odd  type,  let 

A ~ [D,l,d],Ao  = Ao(M) 

Z(A)  ~ Q + 5MQ,5|,  = dGQ^ 

where  Sm  can  be  chosen  to  be  an  e-associator. 

Let  Jn  = A E Ao{N),  then  AA  = —AA,  by  Corollary  3.7.5,  we  get 

Ao{N  0 M)  ~ Ao{M)  0 (A\  Sj,Sl)  0 Cao(n){Sn) 

with  = A. 

It  is  easy  to  get  Cao(n){Sn)  =<  T >•  It  follows  then 

Ao{N  0 M)  ~ Ao{M)  0 {d,  ei)  0 Q(^/£^). 

The  arguments  are  similar  in  the  cases  when  L{M)  = {1,5}  or  L{M)  = 
{l,e5}. 

This  then  finishes  the  proof  of  the  case  \L{M)\  = 2. 
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3.  \L{M)\  = 4,  i.e,  L(M)  - {l,e,5,e5} 


If  ij  ^ -ji,  let 


Then  we  have 


a = l0Ao(M) 

/?  = Ay®i 

7 = T 0 1 
CO  = T 0>  1 

7T  = B ® j. 


Ao{N  ^ M)  ~ <a>0</?,  7>0<ci;,7r> 


Ao{M)  0 (/3^,  7^)  0 (a;■^  tt'^) 


.2  _2 


~ Ao{M)  0 ^ (y2^ 


)2  »^2-2 


If  ij  =ji,  let 


~ Ao{M)  ® {die2,ei)  ® {e2,d2). 


a = l0Ao(M) 


f3 


A 0 i 


Then  we  have 


7 = T 0 1 

CO  = T 0>  1 

7T  = B <S>  j- 


Ao{N  ® M)  ~ <O!>0</3,  7>0<a;,7r> 


~ Aq{M)  0 (/?^,  0 (a;^,  7T^) 


.2  _2 


Ao(M)  0 {X^i^A'^)  0 {y'^j'^B'^) 


2 *2 122 


~ >lo(M)  0 (c?i,  £i)  0 (£2,  d2). 


The  proof  of  the  theorem  is  now  complete.  ■ 
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3.8  The  Algebras  Associated  with  Triple  Product 

In  this  section,  we  will  study  the  structures  of  algebras  associated  with  the 
twisted  product  of  three  modules.  We  are  not  actually  interested  in  the  general 
modules,  we  only  focus  on  the  specific  twisted  product  where  x is  either 

or 

Let  O be  a [a]-module  affording  9o,  P a QW„[/?]-module  affording  S and 
N a QW„[7]-module  affording  X^’'^  (if  y = if  A,/r  G DP~^,  or  DP~] 

otherwise  (if  y = where  r is  some  positive  integer.  Define 

M = O (8>  P to  be  the  twisted  product  of  O and  P.  Then  we  consider  the  twisted 
product  W :=  N 00  ® P.  We  want  to  study  the  structure  of  Aq{W)  :=  PndQ(j(lT) 
where  G is  the  twisted  product  of  the  three  groups  1T„[q;],  W„[/3]  and  IWify]. 

In  this  section,  we  will  frequently  use  all  these  notations  N,0,P  and  M with- 
out further  mention  unless  otherwise  stated. 

Recall  that 

o _ f 2('0  + eil)  + Sip  + eSip)  if  2 J(n 
“ I 4(V^  + eV')  if2|n. 

where  ip  is  an  abbreviation  of  ip^^’^^. 

We  need  the  following  lemmas  for  our  purpose. 

Lemma  3.8.1 

e{ipX^’^)  = ipX^’^  iffAG5C, 

eS{ipX^’^)  = ipX^'^  iff  n is  even  , 

6{ipX^’^)  = ipX^’^  iff"  A £ SC  and  n is  even  iff  L{ipX^’^)  = {l,s,5,eS} 

Proof:  Refers  to  page  449-450  of  Stembridge  [23].  ■ 


Lemma  3.8.2  Denote  by  ip. 

e{ip(p^’'^)  = ip(f^’^  iff  A G DP'^, 

eS{ipip^’^)  — ipip^’^^  iff  n is  even  , 

5{ip(p^'^)  = ip<pS^  iff  A G DP'^  and  n is  even  iff  L{ip(p^'^)  = {l,e,5,  e5}. 


Proof:  Refers  to  page  449-450  of  Stembridge  [23].  ■ 
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Lemma  3.8.3  With  the  above  notations,  let  N be  a QWn[^]-module  affording 
and  W = N®M  = N®OiS>P,  then 

diniQAo{W)  = dimQAo{N)  x dimqAoiM)  x \L{N)  n L{M)\, 


and 


dimQAo{M)  = dimQAo{0)  x dimQAo{P)  x \L{0)  n L{P)\, 

Proof:  By  assumption  W affords  SOoipX^’^.  Notice  that  is  irreducible 

(see  9.2  of  Stembridge  [23]),  so  by  Proposition  3.3.4  we  have 


dimc^AaiW)  = 


64  if  A ^ SC  and  2 j{n 
64  X 2 if  A ^ SC  and  2|n 


64  X 4 if  A G SC  and  2 


n. 


The  last  equality  follows  from  Lemma  3.8.1. 

Similarly,  M affords  Oq'^  = SOo'ip,  by  Proposition  3.3.4  we  have 


dimc^AG^M)  = ||80o'0|P 

= 8^\Lm 
82 

82  X 2 

The  last  equality  follows  from  Corollary  3.6.6. 


if  2 /n 
if  2ln. 


Notice  dimQAo{0)  = 4 since  Aq{0)  ~ (1,1),  dimQAo(N)  = 1 since  Ao{0) 


Q,  and 


dimQAQ{P)  = 


42  if  2 /n 
42x2  if2|n. 


Also  notice 


if  A ^ sc 

' '"Wl.e}  if  A 6 SC 


as  well  as  L{M)  — L{0)  n L{P)  = {1,  e,  S,  S(5}. 
It  then  is  straightforward  to  check  that 
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diniQAoiW)  = dim.QAQ{N)  x dimQAo{M)  x |L(A^)  f)  L{M)\, 

and 

dimQAo{M)  = dim,QAo{0)  x dimqAoiP)  ^ H L{P)\. 

The  lemma  is  proved.  ■ 

Lemma  3.8.4  With  the  above  notations,  let  N be  a (^Wn[j]-module  affording 
when  X G DP~^  and  when  A G DP~ , where  r is  a rational  integer,  and 

W = N<SiM  = N<SiO®P,  then 

dimqAo{W)  = dimQAo(N)  x dimqAo{M)  x \L{N)  D L{M)\, 

and 

dimqAoiM)  = dimqAoiO)  x dimQAo{P)  x \L{0)  nL(P)|. 

Proof:  We  divide  the  proof  into  two  cases. 

Assume  first  A G DP~. 

Let  be  a QIWi [7] -module  affording 

If  2 J(n,  we  have 

'is  = 2{'ip  + eip  + Sjp  + sdijj),  '0  = 

It  follows  that  W affords 

9Qisr{(p  -\-  eff)  = 16r(0o0</^),  ^ ■ 

Notice  that  is  irreducible  (9.3  of  Stembridge  [23]),  then  by  Proposition  3.3.4 
and  Lemma  3.8.2,  we  get 


diraqAaiW)  = |jl6r(0o0<^)|P 
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= 16V|l(^o^<^)|P 

= 16^r^|I/('0(/?)| 

= 16^r^ 

= 4V2. 


If  next  2|n,  we  have 


SJ  = A{'ip  + e'lp). 


It  follows 


6o'^r{(p  + E(f)  = 16r{9oip(p). 
By  Proposition  3.3.4  and  Lemma  3.8.2,  we  get 


dirngAaiW)  = \\16r{9o^ip)\\'^ 


= 16^r^\\{9oip(p)\\‘^ 
= 16i^r^\L{'ip(p)\ 

= 16V2 


= 4V^2. 


Similarly,  M affords  9q^  = by  Proposition  3.3.4  we  have 


dimQAG{M)  = \\S9o'tp\\^ 

- ^^\m\ 

8^ 

8^  X 2 


if  2 /n 
if  2|n. 


The  last  equality  follows  from  Corollary  3.6.6. 

Notice  dimQAo{0)  = 4 since  Aq{0)  ~ (1,1), 


r2  if  A G DP+ 
X 2 if  A G DP- 


dimqAoiN) 
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and 


A I j 42  if  2 /n 

d,m^A„(P)  = ■!  ,2  2 it  2ln. 


Also  notice  L{N)  — {l,ff},  as  well  as  L{M)  = L{0)  O L{P)  = {l,e,(5, 6(5} 
It  then  is  straightforward  to  check  that 


dimQAo(VF)  = dimQAo{N)  x dimQAo(M)  x \L{N)  riL(M)|, 


dimdAo^M)  = dimQAo{0)  x dimQAo{P)  x \L{0)  fl  L{P)\. 

Next  assume  A G DP^ . 

Let  be  a QVL„[7]-module  affording 
If  2 J(n,  then  in  this  case 

^ = 2('0  + s'lp  + S'iIj  + eS'ip)  where  ■0  = 

Then  W affords 

= 2r6o(fi^’^{ip  + eip  + Sip  + eSip)  = 8r{0oip(f^'^)- 
It  then  follows  from  Proposition  3.3.4  and  Lemma  3.8.2  that 


diniQAGiW)  = ||8r(^o0V^^’®) 

= 8'2r2||0o0<p^’® 


= 8^r2|L(0y?^’®)| 

= 8V^2 

= 4^22. 


If  next  2|n,  we  have 


^ = 4(0  + eip) 


and  W affords 


= 4rffo(i’  + = 8r{9o'ip(p^’'^) 


It  then  follows  from  Proposition  3.3.4  and  Lemma  3.8.2  that 


diTnQAciW)  = \\8r{9oip(fi^'^) 


8V|L(V'<p''’") 


A,0 


= 8V^4 


= 4V2. 


Similarly,  M affords  9o^  = 89otp,  by  Proposition  3.3.4  we  have 


dirriQAG{M)  = 


llS^oV'lP 

8^\L{i>)\ 

8^ 

8^  X 2 


if  2 )(n 
if  2ln. 


The  last  equality  follows  from  Corollary  3.6.6. 

Notice  dimqAo(0)  = 4 since  Ao{0)  ~ (1, 1), 

f if  A gDP+ 

diruQAoiN)  - i ^2  X 2 if  A G DP~ 


and 


dimqAQ{P)  — 


42  if  2 J(n 
4^x2  if2|n. 


Also  notice  L{N)  = as  well  as  L{M)  = L{0)  D L{P)  = {l,e:,(5, 

It  then  is  straightforward  to  check  that 

dimqAo{W)  = dimqAo{N)  x dimqAo{M)  x \L{N)  n L{M)\, 


and 


dimqAo{M)  = dimqAo{0)  x dimqAo(P)  x \L{0)  fi  L(P)|. 


116 


The  lemma  is  proved.  ■ 

Because  of  the  above  two  lemmas,  when  we  apply  the  theorems  of  Section  3.7 
we  don’t  need  to  worry  about  checking  the  dimensions. 

Definition  3.8.5  Recall  the  definitions  of  Sp,Sp  and  Jp  from  Theorem  3.6.13.  De- 
fine 


oS  _ 

Jm 


\®Sp 

l^Sp 


= 1 0 J; 


Remarks  : S%f,  S^f  and  Jm  have  the  following  properties: 

1.  S%j  is  an  e-associator  of  M and  = (Sp)^  = 1;  is  a 5-associator  of 

M and  (5'^)^  = {Spfi  = 1.  Furthermore 


ne  QO  ne 


i6  oe 


2.  J G — Jp  — 2si62  G and 


Jm^m  — S\jJ 


M 


J qS  _ T 


In  the  rest  of  this  section,  we  will  keep  the  notations  5p,  5p,  and  Jp,  as  well 
as  5^,  5^,  and  Jm  without  further  mention  unless  otherwise  stated. 


Theorem  3.8.6  The  structure  of  Aq{M)  can  he  described  as  follows. 

If  2 fn,  then 

Aq{0  IS)  P)  ^ (-1,  -1)("4  ) (g)  (1^  1)2  (g,  ^_^2(-1)("2  )^-2ei62 

If2\n,  then 

Ao(0®P)  - (-1,-1)("4')  0(1,1)2  0 (£2, 2ei)0Q  f^-2ei£2(-l)"/2 
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Proof:  Since  L{0)  n L{P)  = {l,e:,5,  e^},  by  Case  3 of  Theorem  3.7.7  we  get 

Ao{0®P)  ~ (1,1)0  A, 


where  A =<  1 O Ao{P),yo  <8>  Sp,  Xq  O Sp  >. 

If  2 /n,  by  Theorem  3.6.13  we  have 

A ~ (—1,  — 1)(  * ) <S>  R 

where 

ioCi®i®i 

ff  ~ \ 

~ \yo®C2®l®fe/ 
a:o  <S>  1 <S>  1 <S> 

Q!  = 2/o®C2<8)l®i' 

^ / /3  = xo  010106  \ 

~ \ 7 = yo  ® C1C2  0 1 0 o6  y 

cu  = a:o0Ci0l06 

~ (a^/?2)0(7^a;^) 
c (l,l)o(CiV,CD 
~ (1, 1)  o (-4£2(-1)^""'), 

~ (1,1)  0 (-£2(-l)^""'^,-2eie2)  • 

It  follows  then 

Aa{0  ® P)  ~ (-1,  -1)(  4 ) (g)  (1^  1)2  g ^_g^2(-l)(  2 )^  _2£i£2)  • 
If  2|n,  by  Theorem  3.6.13  we  have 

A~(— 1,— 1)(  4 ^ 0 R 


where 

1 0 Cl  0 1 0 1 

/1O1010O  \ 

( 1 O C2  0 C 0 1 ) 

\ ?/o0C2  0106  / 
a:o  0 1 0 1 0 6 


R 
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P = xo®l0l^b 
7 = 2/0®  C1C2  ® 1 ® a6 

LO  = Xo®Ci<S)l®b 
1 — XoVo  ® 1 ® ^ ® a 

(a^,  ® (7^,  <T]> 

(1, 1)  ® (Cia^  Cl)  ® Q(V^) 


~ (1, 1)  (g)  ^-4e2(-l)^  2 _2ei(-i)(  2 (g>  q (J -2e^e2{-lY/‘^ 

~ (1, 1)  0 -26162)  ® Q f^-26i62(-l)"/2j  . 

Notice  (— 1)(  2 ) = (_i)"/2  when  2|n.  Then  it  follows  from  Proposition  2.5.1 


that 


Aq{0  0 P)  ~ (-1,  -1)("40  o (1, 1)2  o (e2,  26i)  0 Q f^-26i62(-l)"/2J  . 

The  proof  of  the  theorem  is  complete.  ■ 

We  finish  this  section  by  proving  some  other  lemmas  which  will  are  needed  in 
Section  4.6  and  4.8  to  simplify  the  calculation  of  algebras  related  with  triple  product. 


Lemma  3.8.7  The  structure  of  the  centralizer  of  Sp  in  Aq{P)  can  be  described  as 


follows. 


If  2 fn,  then 


Cao{p){Sp)  ^ (-1,-1)("^’)0  < 1 0C1  ® 1 ® a > 


~ (-1,-1 


)(”?■)  ®q(\/-£2(-1)<"‘) 


If  2|n,  then 


Ca4p)(S’p)  = 


1 0 Cl  ® 1 ® 

1 0 C2  ® ^ ® 1 


Proof:  Notice  that  (—1)^  ^ ^ = (— 1)*^^^  when  2|n.  Then  result  follows 
straightforward  from  the  definition  of  Sp  and  Theorem  3.6.13.  ■ 
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Lemma  3.8.8  The  structure  of  The  centralizer  of  S%f  in  Aq{M)  can  he  described  as 
follows. 

If  2 fn,  then 

CAomiSl,)  -{-i.  ® (1. 1)'  ® Q . 

If2\n,  then 

Cmm){S’m)  ^ (-1,  ® (1,  1)"  ® (£2,  (-1)”/^)  . 

Proof:  It  follows  from  the  dimension  count  and  the  definition  of  Slf  that 

~ Aq{0)  ® R 


where 


/ ^®Cao(P){Sp) 

R = { yo  ® Sp 
\ xo®  Sp 

If  2 fn,  by  Lemma  3.8.7  we  get 

(n+l\  / l®Cl<S>0  \ 

R ^ (-1, -1)1  4 ) (g)  / yQ®(2®h  I 

\ Xo  ® I ® b / 

^ / a = 1®  (i®  a 

~ (— 1,  — 1)(  4 ) (g)  / (I  = xo®l®b 

\ 7 = ?/o  ® C1C2  ® ab 

(— 1,  — 1)(  4 )(g)  < > (g  < -y  > 

— (-1, -1)(  4 ) (g)  ^ Q 

~ (-1,  -1)(  4 ) (g)  (_4^2(-1)("2‘),  1)  0 Q ^y'^-4e2(-l)^  2 

— (-1,  -1)^  * ) ® (1, 1)  ® Q ^ \/-e2(-l)^  ^ 0 ' 

It  follows  then 


Cao(M){Sm)  — ( — 1,  —1)^  ^ ^ ® (1)  1)^  ® Q f\/— £'2(  — 1)^  ^ 
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If  2|n,  by  Lemma  3.8.7  we  get 


0 


~ (-1, 


1 0 Cl  0 1 0 

1 0 C2  0 C 0 1 

1/0  0 C2  0 1 0 ^ 

xo  0 1 0 1 0 6 

a = ?/o0C2  0l0^ 
/?  = Xo0C2  0C0^ 
7 = 1 0 C2  0 C 0 1 

LO  — 10  Cl  010a 
1)(  4 ) (g)  < a;, /?  > (g)  < 7,0;  > 


r>^ 


(-1,  -1)^  ^ ) 0 {0(^,P^)  0 (7^,  (42^) 
(-l,-l)("4^)0(l,C')0(C^ClV) 
(-!,-!)( 


l^/^-e2(-l 


Notice  (— 1)(  2 ) = when  2|n.  It  then  follows  from  Proposition  2.5.1 


that 


CAomiSM)  (-1,  -l)("^')  0 (1,  1)"  0 (e2,  (-1)”/') . 


The  lemma  is  proved. 


Lemma  3.8.9  Let  N,  O,  P be  as  above  and  Let  M — O ® P be  the  twisted  product 
of  O and  P.  Assume  L{N)  = {l,e},  let  H be  the  kernel  of  e,  and  consider  the  group 
pair  {Wn[(d],H).  Assume  the  graded  algebra  A = Afj{N)  is  a CSGA  of  even  type 
and  dimc^A  = 2 x dim^Ao.  Let 

A ~ [D,0,d],Ao  = Ao{N) 

Z{Ao)  ^ Q + iQ,f  = deQ^ 

where  D can  be  chosen  to  be  a quaternion  algebra. 

Let 


A — ^1  0 Cao(m){S^),  i 0 J m')  • 


Then  the  structure  of  A can  be  described  as  follows. 
If  2 fn,  then 
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A ~ (-1,  -1)(  4 ) (g)  (1, 1)2  (g,  ^_^2(-l)(  2 ),  -2eie2d^  . 


If  2\n,  then 


A ~ (-1,  -l)v  4 


2ei£2o!(-l)"/^ 


Proof:  By  the  dimension  count  and  the  definition  of  we  get 


Ao{0)  (8) 


1 (S>  1 0 Cao{p){Sp) 
l®yo®Sp 
1 0 xo  (8  5p 
i 0 1 0 Jp 


= (1,1)0 


l0l0C^o(P)(5|,) 
1 0 yo  0 
1 0 xo  0 5p 
i 0 1 0 Jp 


If  2 /n,  then 


101010  Cl  010a 
l0yo0l0C2  0l0^ 

10 Xo  01010106 

i0l0l0l0l0a 


1 0 1 0 Cl  0 a 
/ 1 0 yo  0 C2  0 6 

\ 10 xo  0106 
i 0 1 0 1 0 a 


(-1,-1)("^')  0(1,1) 


a=l0yo0C2  06 
/?  = i0l0l0a 
7 = 1010  Cl  0a 
uj  = i®  xoyo  0 C1C2  0 1 


— (-1,  -1)(  4 ) (g)  (1^  1)  (g)  0 (7^,0;^) 

— (-1,  -1)^"^')  0 (1, 1)  0 (yoC|6^,  i^a^)  0 (Cla^  ^^(xoyo)^(ClC2)^) 

— (-1,  —1)^  4 ) 0 (1^  1)  0)  (1^  1^0?)  0 4fi:2(— 1)^  ^ ),  — 2dei(— 1)(  ^ ^ j • 
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It  then  follows  from  Proposition  2.5.1 

A ~ (-1,  -1)(  ^ ) (g)  (1,  1)^  (g)  (^-£2(-1)^  ^ ),  -2o?£i£2^  • 


If  2|n,  then 

l(g)l(g)l(g)Ci(S>l®o 
/l(g)l(g)l<g)C2®^<8>l  \ 

A ~ (-1,-1)("4')  o(l,l)0  / l(giyo®l®C2®l®^>) 

\ I0a;o<8>l®l(8)l05  / 

i0l0l0l0l0a 

l0l0Ci0l<S>a 

/l0l0C2®e®l  \ 

~ (-1,-I)r4  ) 0 (1,1)  0 ( l0yo®C2®l®^J  ) 

\ 10 xo  010106  / 

i0l0l0l0a 

a = l0yo®C2<S)l®6 
//3  = i0l0l0l0o 
~ (-1,-1)("«‘)  0(1,1)0  / 7=1010  Cl  ®l®a 

\ O'  = i 0 xoVo  ® C1C2  0 101 

77  = i 0 xqUo  0 1 0 C 0 a 

(— 1,— 1)(  ■»  )0(l,l)0<o;,/?>0<7,a;>0<r7> 
— (-1,  -1)(  4 ) 0 (1^  1)  0 {0^,^“^)  0 (7^,tu^)  0 Q{y^) 


- (“1>  0 (1, 1)  0 (yoC2^^*^«■^)  0 (Cla^^^(a:oyo)^(ClC2)^) 

0Q  (\/i2(xoyo)^C^a' 
c:;  (-1,  -1)(  4 ) 0 (1^  1)  0 0 ^_4j2(-1)(  2 -2dei(-l)( 

0Q  -2dexe2{~Y/‘^ 


n+1' 


It  then  follows  from  Proposition  2.5.1  that 
A ~ (-1,  -1)(  4)0(1^  1)2  0 (^2,  (-1)”/^)  0 Q ^^-2d£i£2(-l)”/^^  • 


The  lemma  is  proved.  ■ 


CHAPTER  4 
SCHUR  INDICES 


In  this  chapter,  we  turn  to  the  problem  of  calculating  the  division  algebras 
associated  with  (spin)  characters  for  each  of  the  eight  families  of  double  covers  of  Wn- 
This  task  can  be  roughly  divided  into  two  phases.  In  the  first  phase,  we  construct 
the  modules  and  describe  the  characters  (or  spin  representations)  for  each  of  the 
eight  families  of  double  covers  of  IT„,  which  follows  Stembridge’s  idea  [23].  In  the 
second  phase,  we  use  group  pair  technique  to  calculate  the  division  algebras  for  each 
(spin)  character,  which  follows  Turull’s  idea  [25].  The  algebras  constructed,  which  is 
associated  with  each  irreducible  representation,  can  be  used  to  calculate  the  Schur 
index  of  the  spin  representation. 


£l , +1, 


~11  +1] 


In  this  section,  we  will  study  the  spin  characters  of  double  cover  Wn[e\,  £2,  +1, 

— 1,  +1]  and  calculate  the  division  algebra  associated  with  each  irreducible  spin  repre- 

I, 

sentation.  Let  gpjj^  representation  of  Wn[ei,e2,  +1,  —1,  +1]  constructed 

in  Section  2.4,  and  be  the  corresponding  character.  Since  jg  self-dual, 

according  to  the  program  laid  out  in  Section  2.4,  the  constructions  of  these  represen- 
tations (if  not  already  irreducible)  can  be  constructed  from  the  associators  of  0^i>®2 
and  with  respect  to  each  of  the  linear  characters  of  the  two  groups.  As  the  first 
result,  we  have  the  following  theorem: 


Theorem  4.1.1  The  irreducible  spin  representation  ofWn[ei,S2,  +1,  —1,  4-1]  can  be 
labeled  by  Ln-orbits  of  pairs  of  partitions  (A,  p)  with  |A]  -|-  \p\  = n,  so  that  the  orbit  of 
{X,  p)  labels  submodules  In  the  following  table,  nx^n  denotes  the  number 
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of  modules  indexed  by  (A,/i),  denotes  their  multiplicity  in  and  ox,^ 

denotes  the  size  of  the  orbit  of  (A,/x). 

^X,n 

1 1 4 ifA  = //G  SC, n = 0 mod  4 

4 1 2 ifA  = /xG  SC,  n = 2 mod  4 

2 2 2 if  A,  /li  £ S'C,  or  A = //  or  A = //',  but  not  A = /r  G 5C 

14  2 otherwise. 

Proof:  By  Proposition  3.3.3  we  have  _ 20q^’^^.  Then  the  case  £i  = 1 = 
€2  follows  readily  from  Corollary  6.5  of  Stembridge  [23].  The  remaining  cases  follow 
from  the  Stembridge’s  argument,  using  Theorem  3.3.5  and  Theorem  2.4.3.  ■ 

The  next  theorem  characterizes  the  central  simple  algebra  associated  with  each 
irreducible  spin  representation  indexed  by  a pair  of  partitions  (A,  p.)  with  |A|  + \p\  = n 
as  defined  in  above  theorem. 

Theorem  4.1.2  Let  o = [e\,S2,  +1,  —1,  +1],  character  indexed  by  A and 

p in  above  theorem,  and  A^’^(a),  as  an  element  of  Br  (Q(x^’^))?  be  the  central  simple 
algebra  associated  with  x^’^-  Recall  the  definition  of  in  Definition  3.1.4-  Then  we 
have  the  following: 

(1)  If  X,  p £ SC,  X ^ p,  then 

= (£1,^2), 

with  Q(x^’^)  = Q {^e2Z{Z*) . 

(2)  If  X = p' , but  not  both  of  X,  p ^ SC,  then 

A^’^{a)  = (£i,£2), 

with  Q(x^’^)  = Q • 

(3)  If  X = p,  but  not  both  of  X,p£  SC,  then 

A^'>^{a)  = 1, 


with  Qix^’^)  = Q(a/^)- 
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(4)  If  \ = A*  G SC  and  n = 0 (mod  4j,  then 

= 1, 

with  Q(x^’^)  = Q- 

(5)  If  X = jjL  ^ SC  and  n = 2 ( mod  4 ),  then 

= 1, 

with  = Q s/^)  ■ 

(6)  For  all  other  cases, 

A^’f^{a)  = (£1,62), 


with  Q(x^’^)  = Q- 


Proof;  Lst  G — ffn [£^15^2;  ~l”l)  — 1>  4”^]'  N b6  3.  QlPn [~l”l ; “bl)  "bl)  “Hi;  4”^]“ 
module  affording  X^’^,  and  let  O be  a QlP„[£i,6:2, +1,  — 1, +l]-module  affording 
0ei,£2^  then  W = O ® N,  as  a QG-module,  affords  the  twisted  product 
We  want  to  compute  Aq{W)  :=  Enddciy^)-  As  is  known,  Ao{W)  is  a semi-simple 
algebra  over  Q,  and  A^’^{a)  is  one  of  its  direct  summands. 

By  Proposition  3.3.4,  we  have 


||r^’^^x"’1|2  = 4|L(x"’'^)|. 


Notice  Ao{0)  ~ (£i,£2)>  Ao{N)  ~ Q,  and  L{0)  = {1,£,5, e^}.  We  have 


dimciA^iW)  = 


^ 1 5^2 


= 4|L(x"’'') 


= dimQA(,{0)  X dimQAo{N)  x \L{0)  D L{N)\. 
If  \L{N)\  = 1,  by  Theorem  3.7.7,  we  have 


Ao{W)  ~ Ag{0)^Ao{N) 

^ (ei,£2)®Q 

^ (£1,^2). 
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It  then  follows  from  Theorem  2.6.2  that 

= {€1,62) 

in  Br{Q{x^’^))  with  Q(x^’^)  = Q- 

Then  conclusion  (6)  is  proved. 

Next  consider  the  case  |T(A/’)|  = 2.  If  L{N)  = {1,1^},  let  S'j[f  be  a i^-associator 

of  N. 

Consider  the  group  pair  (1T„[+1, +1, +1, +1, +1],  i/),  where  H is  the  kernel 
of  e.  By  Corollary  3.5.8,  A :=  EndQuiN)  with  To  = Aq{N).  is  a CSGA  of  odd 
type. 

By  Theorem  3.7.7,  we  have 

A„(W)  ~ (£,,£2)  ® .4„(Af)  ® Q U (S‘f,Y(S^oY\ 

^ (£„£2)®Q®Q(’\/(SW"(Sad. 

\i  u = e,  then  (5^)^  = Z^Z*^  and  (Sq)^  = Vq  = £2-  It  then  follows  from 
Theorem  2.6.2  that 

A^'^{a)  = (£1,62) 

in  Br  (Q(x^’^))  with  Q = Q {y/e^Z{Z^) . 

Then  conclusion  (1)  is  proved. 

lA  = 5,  then  (5^)^  = 1 and  {Sq)^  = Xq  = £1.  It  then  follows  from  Theo- 
rem 2.6.2  and  Proposition  2.5.1  that 

A^'^{a)  = (£i,£2)  = 1 

in  Br  (Q(x^’'‘))  with  Q(x^’^)  = Q (v^)  • 

Then  conclusion  (3)  is  proved. 

If  = e5,  then  (5^)^  = (—1)"/^  and  {Sq)^  = i^oVo)'^  = —1-  It  then  follows 
from  Theorem  2.6.2  that 

T^’^(o;)  = (£i,£2) 
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in  Br  (Q(x^’^))  with  Q(x^’'')  = Q f \/— • 

Then  conclusion  (2)  is  proved. 

Finally,  suppose  1T(A^)|  = 4.  In  this  case,  we  have  L{N)  = L{x^’^)  = 
{l,£,5,e5}  and  Q(x)  = Q-  So  we  are  in  the  third  situation  of  Theorem  3.7.7. 

Let  S and  T be  an  e-associator  and  a 5-associator  respectively.  Then  5^  = 
Z^Z*^  and  = 1. 

• Case:  A = ^ G SC  and  n = 0 {mod  4). 

In  this  case,  by  Theorem  3.1.7  ST  = TS.  It  then  follows  from  Theorem  3.7.7 

that 

Ao{W)  ~ Ao{0)  ® Ao{M)  ® (S%,Thi) 

^ (£i,£2)  ® Q0  • 

It  then  follows  from  Theorem  2.6.2  and  Proposition  2.5.1 

A^’^^ia)  = 1 

in  Br  (Q(x^’^))  with  Q(x^’^)  = Q- 
The  conclusion  (4)  is  proved. 

• Case:  A = /x  G SC  and  n = 2 {mod  4). 

In  this  case,  by  Theorem  3.1.7  ST  = —TS.  It  then  follows  from  Theorem  3.7.7 

that 

Ao{W)  ~ Ao{0)  ® Ao{M)  ® R 

— (£i,£2)  0 Q 0 -R, 

where  i?  is  a direct  sum  of  fields  and  each  of  its  summands  is  isomorphic  to 

Q ( \/^)  - Q (v^,  v^)  • 

Then  Corollary  2.8.5  implies 


A^'^{a)  ~ (£i,  62)  0 Q {V^,  V^)  ■ 
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It  then  follows  from  Theorem  2.6.2  and  Proposition  2.5.1  that 

= 1 

in  Br  (Q(x^’^))  with  Q(x^’^)  = Q (^eT,  ^/£i)  . 

The  conclusion  (5)  is  proved. 

The  proof  of  the  theorem  is  now  complete.  ■ 

Corollary  4.1.3  Let  a = [£i,e2, +T  — T +1];  A^'^{a)  be  the  central  simple  algebra 
associated  with  the  character  indexed  by  X and  p in  the  above  theorem,  then 
A^'^{a)  = {£i,£2)  In  Br  (Q(x^’^))>  except  the  case  A^’^{a)  = 1 in  Br  (Q(x^’^))  = 
Br  (Q)  when  X = p E SC  and  n = 0 {mod  4). 

Proof:  This  follows  from  above  theorem  and  Theorem  2.6.2.  ■ 

T2 [gi ' +1,  +1,  +1] 

In  this  section,  we  will  study  the  spin  characters  of  the  double  cover  Wn[si,£2i  +1 
+1,+1]  and  calculate  the  division  algebra  associated  with  each  irreducible  spin  rep- 
resentation. Let  p = Qf  ^}jg  linear  spin  representations  of 

lT„[gi,  g2,  +1,  +1,  +1],  then  p is  self-dual.  According  to  Lemma  2.1.6,  the  spin  repre- 
sentations of  IT„[£i,e2)  +1,  +1,  +1]  come  from  the  constituents  of  the  twisted  product 
pX^’^.  We  have  the  following  theorem: 

Theorem  4.2.1  The  irreducible  spin  representation  of  Wn[£i,£2i  +1,  -1-1,  -f  1]  can  be 
labeled  by  Ln-orbits  of  pairs  of  partitions  (A,  p)  with  |A|  -I-  |/i|  = n,  so  that  the  orbit  of 
{X,  p)  labels  submodules  of  pX^’^.  In  the  following  table,  denotes  the  number  of 
modules  indexed  by  (X,p),  m\^ft  denotes  their  multiplicity  in  pX^’^,  and  denotes 
the  size  of  the  orbit  of  (A,  p). 
n\,n 

1 1 4 if  A = G 5C 

2 2 2 if  A,  /X  G SC,  or  A = /X,  or  A = p' , but  not  X = p E SC 

4 4 1 otherwise. 
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Proof:  The  theorem  follows  from  Lemma  2.1.6  and  Theorem  2.4.3.  ■ 

Theorem  4.2.2  Let  a = [ei,e2) +1? +1> +1];  character  indexed  by  the 

above  theorem,  and  let  A^’^{a),  as  an  element  of  Br{Q{x^’^)),  be  the  central  simple 
algebra  associated  with  the  character  x^’^-  Recall  the  definition  of  Z\  in  Defini- 
tion 3.1.4-  Then  we  have  the  following: 

(1)  If  X,  pL  G SC,  and  X ^ p,  then 

A^’^(a)  = (euZ:z;), 

with  Q(x^’'‘)  = Q(\/e2)- 

(2)  If  X = p,  but  not  both  of  X,p  ^ SC,  then 

= 1, 

with  Q(x^’^)  = Q(v^)- 

(3)  If  X = p' , but  not  both  of  X,p  G SC,  then 

with  Q(x^''‘}  = Qiyt^is,). 

(4)  If  X = p ^ SC  and  n = 0 (mod  4J,  then 

= 1, 

with  Q(x^’^)  = Q- 

(5)  If  X — /iG  SC  and  n = 2 (mod  4^,  then 

A^’^{a)  = (61,62), 

with  Q(x^’^)  = Q- 

(6)  For  all  other  cases, 

A^’^(a)  = 1. 

with  Q,(x^'^)  = Q if  61  = I = 62,  Q(\/^)  otherwise. 
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Proof:  Lst  G — lPn[£^i)  ^2i  Let  M b6  b,  QWjj[+1,  "t"!,  "I"l,  “Hlj  "bl]” 

module  affording  be  a QyVn[e\,e2,  +1,  +1,  +l]-module  affording 

pex,S2  = T + £T  + 5T  + £(5T, 


the  sum  of  the  four  linear  spin  representations  of  G.  Then  W = N ® M,  as  a QG- 
module,  affords  the  twisted  product  purpose  is  to  compute  ^o(^)  “ 

End,Qc{^)^  which  provides  us  with  the  information  about  A^’^{a). 

By  Proposition  3.3.4,  we  have 


Notice  dimciAo{N)  = 4,  Aq{M)  c^;  Q and  L{N)  = {l,e,(5, e5}.  We  have 


dime^AQiW)  = 


S 1 5^2 


2 


= 4|L(x"’^)| 


= dimQAo(N)  x dimQAo{M)  x \L{N)  D L(M)|. 


If  A,  ^ G SC,  and  A 7^  /r,  then  L{M)  = L{x^’^)  = {1,  £}• 

Consider  the  group  pair  (W„[+l, +1, +1, +1, +1],  i7),  where  H is  the  kernel 
of  e.  By  Corollary  3.5.8,  A :=  EndQniN)  with  Aq  — Aq{M).  is  a CSGA  of  odd 
type. 

By  Theorem  3.7.8,  we  have 


Ao{W)  ~ Ao(M)0(5^,£i)®Q(V^) 


since  = Z^Z*  where  Sm  is  an  e-associator  of  M. 
It  then  follows  from  Theorem  2.6.2  that 


A^*(a)=(euZlZ;) 


in  Br  (QCx*’"))  with  Q(x'"“)  = 
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Then  conclusion  (1)  is  proved. 

If  A = /X,  but  not  both  of  A,/i  € SC,  then  L{M)  = L{x^’^)  — {1,^}-  By 
Theorem  3.7.8 

Ao{W)  ~ ^(M)0(T^,£2)®Q(v^) 

- Q ® (^2, 1)  ® Q(v^) 

since  = 1,  where  Tm  is  a 5-associator  of  M. 

It  then  follows  from  Theorem  2.6.2  that 

= 1 

in  Br  (Q(x^’'"))  with  Q(x^’^)  = Q(^/^)• 

Then  conclusion  (2)  is  proved. 

If  A = //',  but  not  both  of  A,/x  G SC,  then  L{M)  = L(x^’^)  = {l,e5}.  By 
Theorem  3.7.8 

Ao{W)  ~ Ao(M)  <S>  (17^,62)  <8>  Q(\/£i£2) 

^ Qo  (ff2,  (-1)^)  ® Q(V^i^) 

since  = (— l)t,  where  Um  is  an  e(5-associator  of  M. 

It  then  follows  from  Theorem  2.6.2  that 

in  Br  (Q(x'^’^))  with  Q(x^’'')  = Q(V^i£2)- 
Then  conclusion  (3)  is  proved. 

Finally  consider  the  case  A = /r  G SC.  We  have  Q(x^’^)  = Q ^md  L{M)  = 
— {1,  5,  £<5}.  Let  S,  T be  an  e-associator,  5-associator  of  M,  respectively. 

If  n = 0 {mod  4),  then  by  Theorem  3.1.7  ST  = TS.  By  Theorem  3.7.8 

Ao{W)  ~ ^(M)0(5^el)®(T^£2) 

~ Q0(£i,Z^Z^)0(£2,1) 
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since  T2  = 1 and  ^ 

It  then  follows  from  Theorem  2.6.2  and  Proposition  2.5.1  that 

= 1 

in  Br  (Q(x'^’^))  with  Q(x^’^)  = Q- 
Then  conclusion  (4)  is  proved. 

If  n = 2 {mod  4),  then  by  Theorem  3.1.7  ST  = —TS.  By  Theorem  3.7.8 

Ao{W)  ~ Ao{M)®{Sh2,ei)®{T\e2) 

~ Q®  (e2ZlZl,ei)  {1,62). 

It  then  follows  from  Theorem  2.6.2  and  Proposition  2.5.1  that 

A^’^{a)  = (£i,£2) 

in  Br  (Q(x^’^))  with  Q(x^’^)  = Q- 
Then  conclusion  (5)  is  proved. 

For  all  other  cases,  i.e.,  \L{M)\  = |L(x^’^)|  = 1,  by  Theorem  3.7.8 

Ao{W)  ~ Ao{N)®Ao{M) 

~ Ao{N)®Q 

^ fQ0Q©Q0Q  ifei  = l=£2 

~ \ Q(v^,  0 Q(v^,  ^/e^)  otherwise  . 

It  then  follows  from  Theorem  2.6.2  that 

= 1 

in  Br  (Q(x^’^))  with  Q(x^’^)  = Q if  £1  = 1 = £2,  Q("\/^)  otherwise. 

Then  conclusion  (6)  is  proved. 

The  proof  is  now  complete.  ■ 
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— 1,  +1,  +1 


In  this  section,  we  study  the  spin  characters  of  the  double  cover  Wn[e\^£2,  —1,  +1, 
+1].  Theorem  3.5.2  shows  that  are  all  spin  representations  of  the  group  IT„[+1, 
+1,  —1,  +1,  +1].  As  we  have  seen  that  does  not  take  into  account  the  first  two 
components  of  the  factor  set  [ei,  £2)  +1> +!]>  we  will  take  care  of  the  factor  set 

[ffi,  £2)  “1)  +lj  +1]  in  the  following  study. 

Let  p = be  the  sum  of  the  four  linear  spin  representations  of  the  group 
IT„[£i,£i, +1, +1, +1].  By  Theorem  2.4.3,  the  constituents  of  the  twisted  product 
form  all  the  spin  representations  of  the  group  IT„[£i,£2,  —1,  +1,  +1].  We  sum- 
marize this  in  the  following  theorem. 


Theorem  4.3.1  The  irreducible  spin  representation  ofWn[£i,£2,  —1,  +1,  +1]  can  be 
indexed  so  that  the  submodules  are  labeled  by  the  unordered  pair  {A,  p},  where 

A,p  G DP.  In  the  following  table,  n\^^  denotes  the  number  of  modules  indexed  by 
(A,p);  mx^fi  denotes  their  multiplicity  in  , and  o\^f^  denotes  the  size  of  the  orbit 
of 

1 1 4 if  A = p 

2 2 2 if  A,  p G DP~^  or  X,  p ^ DP~  and  X ^ p 

4 4 1 if  A G DP^ , p G DP~  or  X ^ DP~ , p G DP^ . 

Proof:  The  results  follow  from  Theorem  3.4.1,  Theorem  3.4.4  and  Theo- 
rem 2.4.3.  ■ 


Theorem  4.3.2  Let  a — [£i,£2,  — 1,  +1, +1],  let  be  any  character  indexed  by 
X,  p in  the  above  theorem,  and  let  A^’^{a),  as  an  element  of  Br  (Q(x^’^))>  be  the 
central  simple  algebra  associated  with  charaeter  x^’^-  Recall  that  Definition  3.5.17 
gives  us  , d^’^  and  d^’^.  Then  we  have  the  following: 

(1)  If  X e DP~,  p G DP'^'  or  Xe  DP+,  p G DP~,  then 
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with  = Q ■ 

(2)  If  X^fj,  G DP'^  or  X,n  ^ DP~  and  A ^ /x,  then 

with  Q(x^’^)  = Q(v/^)- 

(3)  If  X = fx  and  /(A)  is  odd,  then 

A^'^{a)  = Vl'^{ei,e2){ei,  d\’^){e2,  d^'^), 

with  Q(x^’^)  = Q- 

(4)  If  X = fjL  and  1{X)  is  even,  then 

with  Q(x^’^)  = Q- 

Proof:  Let  G = Wn[e\,e2,  —1,  +1,  +1],  and  let  iV  be  a QiWn[s\,e2,  +1,  +1,  +1]- 
module  affording  p.  We  divide  our  discussion  into  several  cases. 

Case  1.  e(A,  p)  = —1,  i.e.,  A G DP~ , p G DP~^  or  A G DP^' , p G DP~. 

Note  from  Corollary  3.5.16,  has  Schur  index  at  most  2.  Let  M be  a 
QlWi[+l,  +1,  —1,  +1,  +l]-module  affording  then  W = M (8>  N’,  as  a 

QG-module,  affords 

2{A'‘  + vy)e  = i{A'‘)s- 

We  want  to  calculate  Aq{W)  :=  EnddciW) ■ By  Corollary  3.4.3  we  have 

dimQAQ{W)  = \\A{<pY)q\? 

= 4^  X 4|L(v?+’^) 


4^ 
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On  the  other  hand,  we  have 


dimQAo{M)  = ||2((/p+^  + (fb^) 


I 

+ </?_ 


= 4x2. 


Notice  that  dimQAo{N)  = 4,  L{N)  = {l,e,5, £<5},  and  L{M)  — {!,£}•  We 

have 

dimQA(j{W)  = dimQAo{N)  x dimQAo{M)  x \L{N)  D L{M)\. 

Consider  the  group  pair  (W„[+l, +1,  — 1, +1, +1],  i/),  where  H is  the  kernel 
of  e.  By  Corollary  3.5.8,  A :=  EndQniM)  is  a CSGA  of  even  type.  Let 

A ~ [r>o"’'‘,0,dJ’^],Ao  = Ao(M) 

Z{Ao)  ~ Q + zQ,i^  = 4’'^  G 

By  Corollary  3.5.15,  Vq  can  be  chosen  to  be  a quaternion  algebra.  It  is 
easy  to  check  dirriQA  = 2 x dimQAo.  Therefore  Theorem  3.7.8  can  be  applied.  Now 
L{M)  = {l,e}  and  we  are  in  the  second  situation  of  Theorem  3.7.8.  We  have 


Ao{W)  o^A®R 


where  i?  is  is  a 4-dimensional  abelian  algebra  which  is  a direct  sum  of  fields  and  each 
of  its  summands  is  isomorphic  to  Q 

It  then  follows  from  Theorem  2.6.2 

in  Br  (Q(x^’^))  with  Q(x^’^)  = Q . 

Case  2.  e(A,)u)  = 1.  i.e.,  X,  jj.  ^ DP'^  or  A,  //  G DP~ . 

Note  from  Corollary  3.5.16,  has  Schur  index  at  most  2.  Let  M be  a 
QW„[-M, -(-1,  — 1, -hi, +l]-module  affording  then  W = M ® N,  as  a.  QG- 

module,  affords  We  want  to  calculate  Aq{W)  :=  EndQG{W)-  By  Corol- 

lary 3.4.3  we  have 

dimciA^iW)  = ||2(p^’>||2 
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= 4 X 4|L((^^'^)| 

= 4"|L((^^’^)| 

= 4^  X 2. 

Notice  dimQAo{N)  = 4,  dimQAo{M)  = 4,  L(A/’)  = {l,e, (5, e5}  and  L{M)  = 
{1,  e:}.  We  have 

dimQAo{W)  = dimQAo{N)  x dimQAo{M)  x 1I/(A^)  n L(M)|. 

First  consider  the  case  n-  We  have  L{M)  = 

Consider  the  group  pair  (VF„[+1, +1,  — 1, +1, +1], /f),  where  H is  the  kernel 
of  €.  By  Corollary  3.5.8,  A :=  EndQH(M)  is  a CSGA  of  odd  type.  Let 

Z(A)  ~ Q + iQ,  = d^’^  eQ^. 

By  Theorem  3.7.8,  we  have 

Ao(W)  ~ Ao(M)®(<^£i)(8)Q(Vi;) 

~ (g>  (si,di’^)  (8>  Q(y/e^). 

It  then  follows  from  Theorem  2.6.2  that 

in  Br  (Q(x^’^))  with  Q(x^’^)  = Q(V^)- 

Next  let  us  attack  the  case  X = fJ>,  i.e.,  L{(p^’^)  — {l,^,  5,  £<5}. 

Consider  group  pairs  (VF„[+1, +1,  — 1, +1, +1], i/j), i = 1,2,  where  Hi  is  the 
kernel  of  e,  and  H2  is  the  kernel  of  S.  By  Corollary  3.5.8,  both  graded  algebras 
A = Ah^{M)  and  B = Ah2(M)  are  CSGA  of  odd  type.  Let 

Z(A)  ~ Q + zQ,  2^  = d^’^  e 


7 


and 
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Z{B)  = Q + jQ,  f = d^2’^eq\ 


Actually,  i is  an  e-associator  of  M and  j is  a 5-associator  of  M. 

If  /(A)  is  odd,  by  Theorem  3.5.9,  ij  = —ji.  By  Theorem  3.7.8,  we  have 

Ao{W)  ~ Ao  0 {di’^e2, £i)  ® (^2,  d^’^) 

~ T>^’^  ® {di’^e2,  £i)  ® (€2,  d^'^). 

It  then  follows  from  Theorem  2.6.2  and  Proposition  2.5.1  that 

= T>l'^{ei,e2){ei,d\'^){e2,d2'^) 

in  Br  (Q(x^’^))  with  Q(x^’^)  = Q- 

If  l{\)  is  even,  by  Theorem  3.5.9,  ij  = ji.  By  Theorem  3.7.8,  we  have 

Ao(IT)  ~ Ao®  (di'’^£i)<8)(£2,4’'‘) 

~ ® {ey,d^’^)  ® (£2,  ^2’^)- 

It  then  follows  from  Theorem  2.6.2  taht 


in  Br  (Q(x^’^))  with  Q(x^’^)  = Q- 

Now  the  proof  of  the  theorem  is  complete.  ■ 


4.4 


£±xA2. 


ii+i. 


In  this  Section,  we  will  study  the  irreducible  spin  representations  of  the  dou- 
ble covers  IT„[£i,£25  — 1;  — 1, +!]•  With  the  knowledge  of  according  to  Theo- 
rem 2.4.3,  we  are  able  to  characterize  the  spin  representations  of  IT„[£i,  £2,  —1,  — 1)  +1] 
in  terms  of  and 
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Theorem  4.4.1  The  irreducible  spin  representations  ofWn[ei,S2,  —1,  —1,  4-1]  can  be 
indexed  so  that  the  submodule  are  labeled  by  the  unordered  pair 

where  fa  E DP,  and  |A|  4-  \fi\  = n.  In  the  following  table,  riA,^  denotes  the  number 
of  modules  indexed  by  {X,fi),  Tn\,^i  denotes  their  multiplicity  in  afid 

denotes  the  size  of  the  orbit  of  (A,  fi). 

^A,/x  ^A,/i  ^A,/i 

1 1 4 if  A = /i,  and  /(A)  is  even 

4 1 2 if  A = /j,  and  /(A)  is  odd 

2 2 2 if  n — /(A)  — l{ff)  is  even  and  X ^ fa 

1 4 2 if  n — /(A)  — l{fi)  is  odd. 

Proof:  By  Proposition  3.3.3  we  have  0®i>^2  — 20q^’^^.  Then  the  case  £i  = 

1 = €2  follows  readily  from  Corollary  8.5  of  Stembridge  [23].  The  remaining  cases 

follow  from  Stembridge’s  argument,  using  Theorem  3.3.5  and  Theorem  2.4.3.  ■ 

Theorem  4.4.2  Let  a = [ei,£2,  — ^ — T 4-1],  character  indexed  by  the 

unordered  pair  {X,  fa)  in  the  above  Theorem,  and  let  A^’^{a),  as  an  element  o/Br(Q(x^’^)), 
be  the  central  simple  algebra  associated  with  the  character  x^'^-  Recall  that  Defini- 
tion 3.5.17  gives  us  ,d^’’^ ,d\’^  and  d^’^.  Then 

(1)  If  X G DP~,  fa  G DP'^  or  X G DP~^ , fa  G DP~ , then 

with  Q(x)  = Q. 

(2)  If  X,  fa  E DP^  or  X,  fa  E DP~  and  if  X ^ fa,  then 

with  Q(x)  = Q f • 

(3)  If  X = fa  and  /(A)  is  odd,  then 

A^’>^{a)  = {euS2)Vi’^, 
with  Q(x)  = Q (yje2d\'^,  ■ 
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(4)  If  M even,  then 


with  Q(x)  = Q- 


Proof:  Let  G = VL„[ffi,e2,  — L —1,  +!]•  By  Corollary  3.5.16,  the  Schur  indices 
of  are  always  one  or  two  and  there  is  a QhL„[+l, +1,  — 1, +1, +l]-module  M 
affording  (when  e(A,/r)  = 1)  or  (when  e{X,fi)  — —1).  Let 

be  a QW„[ei,e2j +!>  ~1) +l]-module  affording  then  W = N M,  as  a 

Q,Wn[ei,e2,  —1,  —1,  +l]-module,  affords  the  twisted  product 


(2<^a,m)  ^ 2(ri’"V^’^)  if  ^(A,A^)  = 1. 

= 4(r‘>"V+'')  if  tA  = -1- 


Our  purpose  is  to  investigate  the  structure  of  Aq(W)  :=  Enddcif^)- 
Case  1.  = —1,  i.e.,  A G DP~,iJ,  £ DP'^  or  A G DP'^,iJ.  G DP~. 

In  this  case,  L{ip^^)  = {1}  and  L{M)  =.{!,£}. 

By  Proposition  3.3.4,  we  have 


diniQAoiW)  = ||4(ri’"V+^) 


= 42  X 4 X |L((^+’^)| 
= 4^ 


Notice  that  Aq{N)  ~ {si,e2)-,  dimQAo{M)  = 4x2,  L{N)  = {l,e,5, e5},  and 
L{M)  — {1,£}.  We  have 


dimQ^o(W)  = dimQAo{N)  x dimqAoiM)  x \L{N)  D L{M)\. 

Consider  the  group  pair  (W„[+l, +1,  — 1, +1, +1],  i/),  where  H is  the  kernel 
of  e.  By  Corollary  3.5.8,  A :=  EndQH{M)  is  a CSGA  of  even  type.  Let 


A ~ [Do^’^0,d^’^],Ao  = Alo(M) 
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Z{Aq)  ~ Q + iQ,z2  = e Q^ 


By  Corollary  3.5.15,  can  be  chosen  to  be  a quaternion  algebra.  It  is  easy 
to  check  that  diraqA  = 2 x diniQAo.  By  Theorem  3.7.7,  we  have 

Aq{W)  ~ (fi,  £2)  ® Ah{M)  ® (dg’^,  £2)- 

It  then  follows  from  Theorem  2.6.2  and  Proposition  2.5.1  that 

A^’^(Q;)=Do^’'‘(£ldJ’^£2) 

in  Br  (Q(x^’^))  with  Q(x^’^)  = Q. 

Case  2.  £(A,  /r)  = 1 i.e..  A,  /x  6 DP~,  or  A,  /x  € DP^ 

In  this  case  M affords  2(p^’^  and  = Q.  And 


dirriQAoiW)  = |l2(ri’"V^’^) 


= 4^  X 2. 


Notice  that  Ao{N)  ~ (£i,£2),  dimQAo^M)  = 4,  L{N)  = {l,£,d, £d},  and 
L{M)  = {1,£}.  We  have 

dimQAo{W)  = dimQAo{N)  x dimQAo{M)  x \L{N)  fl  L(M)|. 


Suppose  first  A,^  G DP  , or  A,/ix  G DP'*'  but  A /x.  In  this  case,  L{M)  = 
L((pNM)  = {1,£}. 

Consider  the  group  pair  (W„[+l, +1,  — 1, +1, +1],  P),  where  H is  the  kernel 
of  £.  By  Corollary  3.5.8,  A :=  EndQH(M)  is  a CSGA  of  odd  type.  Let 

A ~ [V^’^,1,4’%Ao  = Ao(M) 

Z(A)  ~ Q + xQ,  = d^^  G Q^. 
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By  Theorem  3.7.7,  we  have 


Ao{W)  ~ 


{61,62)  ® Aq{M)  ® Q (\/62^j 

(£1,^2)  <2>  Q (g)  Q f • 


It  then  follows  from  Theorem  2.6.2 


= {e,,62)V^’^ 

in  Br  (Q(x^’^))  with  Q(x^’^)  = Q ■ 

Next  suppose  A = /r.  In  this  case,  we  have  L{(p^’^)  = L{M)  = {1,6,5,65}. 
Consider  the  group  pairs  iyVn[6i,62,  —1,  +1,  +1],  Hj),  i = 1,2,  where  H\  is  the 
kernel  of  6,  and  H2  is  the  kernel  of  5.  By  Corollary  3.5.8,  both  graded  algebras 
A = Ahi(M)  and  B = Ah2{M)  are  CSGA  of  odd  type.  Let 

A ~ [T>^^l,d^'^],  Ao  = Ao(M) 

Z{A)  ~ Q + iQ,  f = e 

where  i can  be  chosen  to  be  an  e-associator. 

And 


B ~ [D^’^,l,d^^’%  Bo  = Ao{M) 

Z{B)  ~ Q + jQ,  f = 

where  j can  be  chosen  to  be  a 5-associator. 

Based  on  the  possible  cases  ij  = ji  or  ij  = —ji,  we  need  to  separate  these 
two  situations. 

First  assume  1{X)  is  odd,  by  Theorem  3.5.9  we  have  ij  = —ji.  Then  by 
Theorem  3.7.7,  we  get 


Ao{W)  ~ {61,62)  ® Aq{M)  ® R 


{£1,^2)  <8>  Q 0 7? 
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where  i?  is  a direct  sum  of  fields  and  each  of  summands  is  isomorphic  to 

Q (\/^.  \/^)  ■ 

It  then  follows  from  Theorem  2.6.2  that 

in  Br  (Q(x^’^))  with  Q(x^’^)  = Q ■ 

Next  assume  ^(A)  is  even,  by  Theorem  3.5.9  we  have  ij  = ji.  Then  by  Theo- 
rem 3.7.7,  we  get 

Ao{W)  ~ (£i,  £2)  ® Ao{M)  O (<%,  4’^e,). 

It  then  follows  from  Theorem  2.6.2  and  Proposition  2.5.1  that 


in  Br  (Q(x^’^))  with  Q(x^’^)  = Q- 

The  proof  of  the  theorem  is  now  complete.  ■ 


4.5  [£i,£2, -1, -T -1 


In  this  section,  we  will  study  the  spin  representations  of  the  double  covers 
ITn[£:i,£2,  —1;  —1)  — !]■  With  the  knowledge  of  ^^j-g  characterize  all 

spin  representations  of  the  double  covers  Wn[e\-,S2-,  —1,  —1,  —1]  in  terms  of 


Theorem  4.5.1  The  irreducible  spin  representations  of  Wn[s  1,62,— I,— 1,-1]  are 
^£i,£2j5^A,0  ^ even)  and  (for  n odd),  i.e.,  the  irreducible  spin  repre- 
sentations 0/ IT„[£i,  £2,  — 1,  — 1]  can  be  indexed  by  X,  where  A ranges  over  the 

partitions  of  n. 

Proof:  The  case  £1  = 1 = £2  follows  readily  from  Theorem  9.2  of  Stembridge 
[23].  The  remaining  cases  follow  from  the  same  proof  of  Theorem  9.2  of  [23].  ■ 
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Theorem  4.5.2  Let  a — [ei,£2,  —1)  ~1]>  be  any  character  indexed  in  the 

above  theorem,  and  let  A^{a)  be  the  central  simple  algebra  associated  with  the  char- 
acter x^-  Recall  the  definition  of  in  Definition  3.1. 4-  Then  we  have 

(1)  If  X ^ SC  and  2 fn,  then 

with  Q(x^)  = Q f\/— 2ei(— 1)(  ^ . 

(2)  If  X ^ SC  and  2\n,  then 

4"(a)  = (-l,-l)(“) 


with  Q(x^)  = Q (\/2£i£2)  • 

(3)  If  X E SC  and  2 J(n,  then 


with  Q(x^)  = Q f \/^2(-l)(  ^ ^ 

(4)  If  X E sc  and  2\n,  then 


A^{a)  — ( — 1,  — 1)(  ^ ) (£2)  ( — 1)"'^^)  (2£i£2,  Zl) , 


with  Q(x^)  = Q- 

Proof:  Let  G — Wn[si,e2,  —1,  —1,  —I]-  Let  M be  a QG-module  affording 
defined  in  Section  3.6  and  N be  a QlL7i[4“l,  ~l”l)  4“1)  4*1)  "Llj-module  affording  . 
Then  W = N ® M,  as  a QbL„[£i,£25  —1,  —1,  — l]-module,  affords  the  twisted  product 
We  want  to  compute  Aq{W)  :=  Endc^oiW) ■ Denote  by  ip. 

To  apply  Theorems  in  Section  3.7,  we  need  to  check  the  condition 


dimQAo{W)  = dimQAo{N)  x dimQAo{M)  x \L{N)  C\  L{M)\. 
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If  2 J(n,  by  Lemma  3.1.1  we  have 
^^A,0  _ 2{'ip  + E'lp  + d'll)  + e5'ip)X^’^ 

= 2(V’X^’®  + 

2{'ipX^’^  + e-0^^’®  + + eS'tpX^'^)  if  A ^ 5C 


4(V^X^-®  + 6ipX^’'^) 


A,0 


if  A G 5C. 


It  follows 


. /T.n  J 16  if  A^  5C 
dmiQAoiW)  - { 22  if  a e SC. 


If  2|n,  by  Lemma  3.1.1  we  have 

5A^a,0  ^ 4(V»  + e^)X 


A,0 


- 4(^x^’®  + e^x^’®) 

4(i/;X^’®  + e^X^’^)  i^X^SC 


8^X 


A,0 


if  A e SC. 


It  follows  that 


,.  , [32  if  A ^ 5C 

dirriQAoiW)  - | g4  -f  ^ 

On  the  other  hand,  by  Corollary  3.6.12 

j-  4 f 16  if 2 /n 

*mq4„(M)  = i .J2I 


Notice  L{M)  = {l,e,(5,  e5}  and 


L(N)  = 


{1}  it  2 |re 

{l,e}  if  2|n. 


Therefore,  in  any  case  we  do  have 

dimQAo{W)  = dimQAo{N)  x dim^AQ^M)  x \L{N)  nL(M)|. 
Assume  first  A ^ SC.  In  this  case,  L{N)  = {!}■  By  Theorem  3.7.4 


Ao(W)  ~ Ao{N)®Ao{M) 
~ Q®Ao(M) 


^ Ao{M). 
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If  2 /n,  then  by  Theorem  3.6.13  we  have 
Ao{W)  ~ (-1,  -1)("^‘)  ® Q f ^ -2ei(-l)("^')  j ® Q (V^) . 

It  then  follows  from  Corollary  2.8.5  and  Theorem  2.6.2  that 

= (— 1,— 1)(  ^ 

in  Br  (Q(x^’^))  with  Q(x^’^)  = Q f\/— 2£i(-l)(  ^ y^2i^^  . 

If  2|n,  then  by  Theorem  3.6.13  we  have 

Ao{W)  ~ Q(8>(-1,-1)("4')(8)(2£i,(-1)”/2)0Q(^/2^). 

It  then  follows  from  Theorem  2.6.2  that 

ylbM(cr)  = (2£i,(-1)"/2) 

in  Br  (Q(x^’^))  with  Q(x^’^)  = Q (\/2ii^)  • 

Next  assume  A G SC.  In  this  case,  L{N)  n L{M)  = {l,e}. 

Consider  the  group  pair  (IT„[+1, +1,  — 1, +1, +1],  i/),  where  H is  the  kernel 
of  e.  By  Corollary  3.5.8,  A :=  EndQH{N)  is  a CSGA  of  odd  type.  Let 

A ~ [D,l,d],Ao  = Ao{N) 

Z{A)  ~ Q + SNQ,S%  = deQ^ 

where  is  an  e-associator. 

With  the  notations  Sm  = S\^,Jm  of  the  Definition  3.8.5,  by  Corollary  3.7.5 
we  have 

Ao{N®M)  ~ Ao{N)®{JI,SIS‘1)®Ca,(m){Sm) 

~ Q®(2eie2,d)®CAo{M){SM) 

If  2 /fn,  then  by  Lemma  3.8.8  we  get 

Ao{W)  ~ (2eie2,d)<8>(-l,-l)("^')  0(1,1)" 

®Q  (\/-e,(-l)«‘))  . 
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It  then  follows  from  Theorem  2.6.2  that 

= (2e^e2,Z;) 

in  Br  (Q(x^’^))  with  Q(x^’'^)  = Q ^\/— £2(~ 1)^  ^ • 

If  2|n,  then  by  Lemma  3.8.8  we  get 

Ao{W)  ~ (-1,  -1)("^')  0 (2ei£2,  Zl)  0 (1,  If  0 (£2,  (-1)"/') . 


It  then  follows  from  Theorem  2.6.2  that 


= (-l,-l)C*r)  (2£i£2,^I)  (e2,(-l)"/') 

in  Br  (Q(x^’^))  with  Q(x'^’^)  = Q- 

The  proof  of  the  theorem  is  now  complete.  ■ 


gl  1 g2i 


~L  +L  — 1 


In  this  section  we  will  characterize  all  irreducible  spin  representations  of  the 
double  cover  lT„[£:i,  S2)  — L +1,  — !]•  Let  0o  = 0q’^  be  the  spin  representation  of 
ITn[+l,+l,  +1,-1, +1]  defined  in  Section  2.4.  By  Theorem  2.4.3,  irreducible  spin 
characters  of  the  double  cover  IT„[£i,£2)  ~T  +T  ~1]  can  be  characterized  in  terms  of 
00,  X^’^.  The  next  theorem  tells  exactly  how. 


Theorem  4.6.1  The  irreducible  spin  representations  o/ W„[£i,  £2> —1) +1)  ~1]  can 
be  labeled  by  7j2-orbits  of  the  form  {A,  A'},  where  A ranges  over  partitions  of  n.  The 
index  {A,  A'}  labels  submodules  In  the  following  table,  n\  denotes  the 

number  of  modules  indexed  by  {A,  A'},  m\  denotes  their  multiplicity  in 
and  Ox  denotes  the  size  of  the  orbit  of  (A,/i). 

nx  Ox  mx 

1 1 2 if  A € SC,  and  n is  even 

2 2 1 if  A G SC,  and  n is  odd  or  A ^ SC  and  n is  even 

1 4 1 if  A ^ SC,  and  n is  odd  . 
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Proof:  By  Proposition  3.3.3  we  have  _ 2©^'’®^.  Then  the  case  e\  = 1 = 
€2  follows  readily  from  Corollary  9.5  of  Stembridge  [23].  The  remaining  cases  follow 
from  the  Stembridge’s  argument,  using  Theorem  3.3.5  and  Theorem  2.4.3.  ■ 

Theorem  4.6.2  Let  a = [fi:i,£27  — 1, +1,  — 1];  l^t  be  any  character  indexed  by  A 
in  the  above  theorem,  and  let  A^{a),  as  an  element  of  Br{Q{x^'^)) , be  the  central 
simple  algebra  associated  with  the  character  x^-  Recall  the  definition  of  in  Defi- 
nition 3.1.4-  Then  we  have 

(1)  If  X ^ SC  and  2 fn,  then 

A^{a)  = -2£ie2^  , 

with  Q(x^)  = Q- 

(2)  If  X ^ SC  and  2\n,  then 

A^{a)  = (-l,-l)("4')(£-2,2ei), 


with 


Q(x')  = Q(V-2ffie2(-i)"/2) 

(3)  If  X G SC  and  2 fn,  then 


A\a)  = i-l,-lf^^'){2eie2,Zl), 


with  Q(x^)  = Q ^\/-£2(-1)("2  ) 

(4)  If  X G SC  and  2\n,  then 


(261^2, -^a), 

with  Q(x^)  = Q. 

Proof:  Let  G — Wn [^i)^2j  — !>  Tl,  — 1].  Let  N be  a QlPn [t1  , Tl,  Tl,  Tl,  Tlj" 
module  affording  let  O be  a QVP„[+1, +1, +1,  — 1, +l]-module  affording  9o,P 

be  a Q,Wn[ei,e2i  —1,  —1,  — l]-module  affording  S defined  in  Section  3.6.  Then  W = 
N ® M,  as  a QlPn[ei,£2)  —1,  +1,  — l]-module,  affords  the  twisted  product  X^’®©oQ', 


148 


where  M = O 0 P affords  the  twisted  product  0qS.  Our  purpose  is  to  calculate 
A(){yV)  :=  Endcic(W).  Denote  -0 

By  Lemma  3.8.3  we  have 

dimQAo(VL)  = dimQAo{N)  x dimQAo{M)  x \L{N)  fl  L{M)\, 

and 

dimQAo{M)  = dimQAo{0)  x dirriQAo{P)  x \L{0)  n L{P)\. 

Therefore  when  we  apply  theorems  of  Section  3.7,  we  do  not  need  to  worry 
about  checking  the  dimensions. 

Assume  first  A ^ SC.  In  this  case  we  have  L{N)  = 1.  By  Theorem  3.7.4,  we 

have 

Ao{N0M)  ~ Ao{N)0Ao{M) 

~ Q0Ao{M) 

^ Ao{M). 

If  2 J(n,  then  by  Theorem  3.8.6,  we  have 

Ao{W)  ~ (-1,  -1)("4')  (g)  (1,  1)2  (gi  ^_g:2(-l)("t'),  -2£i£2)  • 

It  then  follows  from  Theorem  2.6.2  and  Proposition  2.5.1  that 

A^’^{a)  ~ (-1,-1)(  4 ) ^-g:2(-l)(  2 )^-2eie2^ 

in  Br  (Q(x^’^))  with  Q(x^’^)  = Q- 

If  2|n,  then  by  Theorem  3.8.6,  we  have 

Ao{W)  ~ (-1, -1)("4^)  0 (1,  1)^  ® (£2,2£i) 

0Q  -2eie2{-l)^A  • 

It  then  follows  from  Theorem  2.6.2  and  that  Proposition  2.5.1 


~ (-1,-I)("4*)(e2,2ei) 
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in  Br  (Q(x^’^))  with  Q(x^’'^)  = Q 2£i£2{— 1)”'^^^  • 

Next  assume  A G SC.  In  this  case  L{N)  = {!,£}• 

Consider  the  group  pair  (W„[+l, +1, +1, +1, +1],  i?),  where  H is  the  kernel 
of  e.  By  Corollary  3.5.8,  A :=  EndQniM)  is  a CSGA  of  odd  type.  Let 


A ~ [D,Cd],Ao  = Ao{N) 


Z{A) 


Q + S'/vQ?  S‘h  — d G Q 


With  the  notations  S]\f,  Sm  = Slf  of  Definition  3.8.5,  by  Corollary  3.7.5  we 


have 


Ao{N®M)  ~ Ao{N)®{Jij,Sf,Si,)®CAo(M){SM) 

— Q ® C’yiQ(jvf) (>5m) 

— (2£i£2)  d)  ® C'^o(Af)(5'M)- 

To  be  specific,  we  distinguish  the  two  cases  between  2|n  and  2 J(n 
If  2 /n,  by  Lemma  3.8.7  we  get 

Ao{N  ® M)  ~ (2£i£2,d)  (g)  (-1, -1)(  4 ) (g)  (1^  1)2 


It  then  follows  from  Theorem  2.6.2  and  Proposition  2.5.1  that 


A"’'^(a)~(-1,-1)("4')  {2e,e2,ZD 


in  Br  (Q(x^’^))  with  Q(x^’^)  = Q ( 


If  2|n,  by  Lemma  3.8.7  we  get 


Ao{N  (g)  M)  ~ (2£i£2,  d)  (g)  (-1,  -1)(  4 ) 0 (1^  1)2  0 (^2,  (-1)"/^) 


It  then  follows  from  Theorem  2.6.2  and  Proposition  2.5.1  that 

A^’^ia)  = {-1,-lfV)  (52,  (-1)"/')  (2£i£2,^I) 

in  Br  (Q(x^’^))  with  Q(x^’^)  = Q- 

The  proof  of  the  theorem  is  now  complete.  ■ 
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e^ , gc>i  +1,  —1,  — 1 


With  the  knowledge  of  ^0  ^1-0  ^qw  able  to  characterize  all  spin 

characters  of  the  double  covers  Wn[€  1,62, 1,  —1,  —1].  The  following  theorem  gives  us 
the  structures  of  spin  characters  of  Wn[ei,e2,  +1,  —1,  —1]  in  terms  of 


Theorem  4.7.1  For  even  n,  the  irreducible  spin  representations  o/W„[£i,  £2,  +1,  — 1, 
— 1]  are  (A  G DP'^)  and  (A  E DP~).  For  odd  n,  the  irre- 

ducible spin  representations  of  Wn[ei,e2i+l,  —I,  —1]  are  -0^* (A  E DP'^)  and 
(A  E DP~),  where  A ranges  over  all  partitions  of  n. 

Proof:  The  case  ei  = 1 = £2  follows  readily  from  Theorem  9.3  of  Stembridge 
[23].  The  remaining  cases  follow  from  the  same  proof  of  Theorem  9.3  of  [23].  ■ 


Theorem  4.7.2  Let  a = [£i,£27+l,  — 1,  — 1];  be  any  character  indexed  by  A in 
the  above  theorem,  and  let  A^{a),  as  an  element  of  Br{Q{x^’^)),  be  the  central  sim- 
ple algebra  associated  with  the  character  x^-  Recall  that  Definition  3.5.17  gives  us 

V^'^,dl'^,d\’^  andd^’^.  Then 

(1)  If  X E DP^ , and  2 )(n,then 

A>-'‘{a)  = (-1,  -l)K‘)(2£,£2,<it')®?'", 


with  Qix^)  = Q [\/-E2(-l)("’'d  ■ 

(2)  If  X E DP^  and  2\n,  then 


- (-1,-1)(T)  (e2,(-l)"/2)  (2£i£2,rfJ’®)T>^’®, 


with  Q(x^)  = Q- 

(3)  If  X E DP~ , and  2 fn,  then 

A^-^{a)  ^ (-1,  -l)(-r)  ®„«, 


with  Q(x^)  = Q- 
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(4)  if  X ^ DP  , and  2\n,  then 


with  Q(x^)  = Q ^\/-2ei£2dJ'“(-l)"/2j  . 

Proof:  Let  G = VK„[e:i,  £2, 1)  ~1)  “!]•  Let  be  a QW„[+1, +1,  — 1, +1, +1]- 
module  affording  rcp^’^  if  A G DP~^,  r{(p^’^  + if  A G DP~  and  let  M be 

a QfL„[ei, ^2,  — 1,  — 1,  — l]-module  affording  3 defined  in  Section  3.6.  Then  W = 
N <8>  M,  as  a QWn[ei,e2,  +1,  —1,  — l]-module  affords  the  twisted  product 


if  A G DP+ 
ifAGDP-. 

We  want  to  calculate  Aq{W)  ylo(W). 

First,  we  consider  the  case  A G DP^.  We  have  and  Q = Q. 

Suppose  2 J(n.  By  Corollary  3.6.11,  we  have 

^ = 2{ip  + eip  S^p  + eSip)  where  -0  = 


this  implies  W affords 

Sjrc/?^’®  = 2r(0(/?^’®  + + £S'ip(fi^’^) 

= 4r{rp(f^’^  + 5ip(p^’^). 

It  follows  that 

dimQAo{W)  = 4^r^2  = 4^2r^. 

Next  suppose  2|n.  We  have  S = 4(0  + etp),  W = M ® N affords  the  twisted 


product 


= 4r(0(^^’®  + e'tpKp^'^) 
= 8r(0y)''’®), 
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this  implies 


dimQAo{W)  = 


On  the  other  hand,  by  Corollary  3.6.12  we  have 

A f 16  if  2 /n 

= I 32 

Notice  also  dimQAo{N)  = r^,  L{N)  = {l,e}  and  L{M)  — {l,e,5,eS}.  Then 
it  is  straightforward  to  check 


dirriQAoiW)  = dimQAo{N)  x dimqAoiM)  x \L{N)  0 L{M)\. 


Consider  the  group  pair  (1T„[+1, +1,  — 1, +1, +1],  ff),  where  H is  the  kernel 
of  e.  By  Corollary  3.5.8,  A :=  EndQH(M)  is  a CSGA  of  odd  type.  Let 


A ~ [P^^l,d^®],Ao  = Ao(iV) 


Z{Ao) 


q + iQ,i^  = G Q^ 


where  i can  be  chosen  to  be  an  e-associate. 


With  the  notations  Sm  = Sl^,  Jm  of  Definition  3.8.5,  by  Corollary  3.7.5  we 


have 


Ao(N^M)  ~ Ao{N)®{JI„S%SI)®Ca,^m){Sm) 


— ^o(-^)  ® (2eie2,  dj’®)  C) 


If  2 J(n,  it  follows  from  Lemma  3.8.8 

Ao{W)  ~ Ao(iV)®  (-1, -!)("?')  0(1, 1)^0  (2eie2,d^®) 


»Q  (v/-^2(-i)C")) . 


It  then  follows  from  Theorem  2.6.2  that 


A^’^{a)  = (-l,-l)("^')(2eie2,di’®)P^® 
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in  Br  (Q(x^’®))  with  Q(x^’'‘)  = Q ^\/-e2(-l)^"^  ^ j • 

Next  if  2|n,  it  then  follows  from  Lemma  3.8.8  that 

Ao{W)  ~ >lo(iV)(g)(-l,-l)("i‘)0(l,l)2(8)(2£i£2,c/t’®) 

0 (e2,(-l)”^^)  • 

It  then  follows  from  Theorem  2.6.2  that 

= (-1,  -1)("^')  {s2,  (-!)"/')  {2ei€2,4'^)V^’^ 

in  Br  (Q(x^’^))  with  Q(x^’^)  = Q- 

Next  consider  the  case  A € DP~ . We  have  e(p)f  ^ 

Suppose  2 /n.  By  Corollary  3.6.11,  we  have 


$5  = 2('0  + + e5il)) 


where  ■?/)  = This  implies  W affords 


It  follows  that 


dimQAo{W)  = 4^r^4  = 4^r^. 


Suppose  next  2|n.  We  have  S = 4{ip  + eip),  W = M 0 N affords  the  twisted 


product  $^(rc/?^’®)  and 


+ eS'tp)  = 8r('0(/?''’'“  + 


A,0 


A,0- 


this  implies 


dimciAo{W)  = 8^r^2  = 4^r^2 


On  the  other  hand,  by  Corollary  3.6.12  we  have 


dimQAo(M) 


16  if  2 J(n 
32  if2|n. 
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Notice  also  dimQAo{N)  = 2r^,  L{N)  = {l,e}  and  L{M)  = {l,e, Then 
it  is  straightforward  to  check 

dimQAo{W)  = dimQAo{N)  x dimQAo{M)  x |T(A^)  D L{M)\. 

Consider  the  group  pair  (1T„[+1, +1,  — 1, +1, +1],  if),  where  H is  the  kernel 
of  e.  By  Corollary  3.5.8,  A :=  EndQH{M)  is  a CSGA  of  even  type.  Let 


to  check  that  diniQA  = 2 x diniQAo. 

with  the  notations  Sm  = S%j,Jm  of  Definition  3.8.5,  by  Corollary  3.7.5,  we 

have 


A(){W)  ~ < Aq{N)  (8>  1, 5jv  <8)  Sm  > <8>  < 1 ® Caq{m){Sm)a  ® Jm  > 

— < 1 (8>  Cao{m)(Sm),  i <S>  Jm  > 

since  < Aq{N)  Sm  >—  ^o(-N)  by  Corollary  2.5.7. 

Suppose  2 /n.  By  Lemma  3.8.9  we  get 

Ao{W)  ~ A/^(iV)(2)(-l,-l)("4^)(8>(l,l)2(g)(-e2(-l)(”^'^-2eiMj’®). 

It  then  follows  from  Theorem  2.6.2  that 


A ~ [V^’^,0,d^’%Ao  = Ao(N) 
Z(Ao)  ~ Q + Qf,i^  = 4’®  G Q^ 


By  Corollary  3.5.15,  X>q  can  be  chosen  to  be  a quaternion  algebra.  It  is  easy 


in  Br  (Q(x^’^))  with  Q(x^’^)  = Q- 


Next  suppose  2 In.  By  lemma  3.8.9  we  get 


Ao{W)  ~ TH(iV)®(-l,-l)("^')®(l,l)"(8>  (£2,(-1)”/") 
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It  then  follows  from  Theorem  2.6.2 


= (-1, -ifV)  {62,  (-1)"/')  n 


A,0 

0 


in  Br  (Q(x^’^))  with  Q(x^’'^)  = Q \ J 

Now  the  proof  of  the  theorem  is  complete.  ■ 


4.8  gi , g?' +1. +1,  — 1] 


According  to  Theorem  2.4.3,  we  can  characterize  all  spin  representations  of 
the  double  cover  lT„[£:i,e2)  !> +1;  ~1]  in  terms  of  0q,  and  We  have  the 

following  theorem: 


Theorem  4.8.1  The  irreducible  spin  representations  ofWn[si,e2,  +1,  +1,  —1]  can  be 
labeled  by  the  partitions  \ of  n in  DP,  so  that  A indexes  submodules  o/ 

In  the  following  table,  n\  denotes  the  number  of  modules  indexed  by  X,  m\  denotes 
their  multiplicity  in  and  o\  denotes  the  size  of  the  orbit  of  X. 

n\  Ox  mx 

1 1 2 if  A G DP~^,  and  n is  even 

2 2 1 if  A G DP~^,  and  n is  odd  or  A G DP~  and  n is  even 

1 4 1 if  A G DP~,  and  n is  odd  . 

Proof:  By  Proposition  3.3.3  we  have  0^i’^2  _ 20q^’^^.  Then  the  case  6i  — 
\ = 62  follows  readily  from  Corollary  9.5  of  Stembridge  [23].  The  remaining  cases 
follow  from  Stembridge’s  argument,  using  Theorem  3.3.5  and  Theorem  2.4.3.  ■ 

Theorem  4.8.2  Let  a = [si, £2> +!> +1>  — 1]>  lot  any  character  indexed  by  X 

in  the  above  theorem,  and  let  A^{a),  as  an  element  of  be  the  central 

simple  algebra  associated  with  the  character  x^-  Recall  that  Definition  3.5.17  gives 

andd^'^.  Then 


(1).  If  X E DP^ , and  2 ){n,  then 

A^{a)  ~ (-1, -l)("4‘)(2£:l£2,d^®)I>^®, 
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with  Q(x^)  = Q • 

(2)  If  X E DP^ , and  2\n,  then 


with  Q(x^)  = Q- 

(3)  If  X ^ DP~,  and  2 fn,  then 


/t^A,0 
^0  ? 


with  Q(x^)  = Q- 


(4)  If  X E DP  , and  2\n,  then 


A\a)  = (-1,  -1)CJ‘)  (£2,  (-1)"/^)  Vl’\ 

with  Q(x^)  = Q f\/-2siS2di'''(-l)’‘A  ■ 

Proof:  Let  G — lP„[£:i,£2? +L +L —I]-  Let  mQ((p^’®)  = r,  then  by  Corol- 
lary 3.5.16,  r = 1 or  2.  Let  be  a Q1F„[-|-1,  -f-1,  +1,  —1,  — l]-module  affording 
if  2 /n,  4-  e<^^’®)  if  2|n,  let  O be  a QVL„[-I-1,  -1-1,  -1-1,  4-1,  4-l]-module  affording 

^0,  and  let  P a QW„[£i,£2,  — 1,  ~1,  — l]-module  affording  S defined  in  Section  3.6. 
Let  M = O 0 P he  the  twisted  product  of  O and  P.  Then  W = N ® M,  as  a 
QVT„[ei,  £2j +1) +1»  ~l]-module  , affords  the  twisted  product 


(r(/7^’®)0o^  if  2 fn 
+ e(p^’^)Oo^  if  2\n. 

We  want  to  calculate  Aq{W)  EndQG{W). 

By  Lemma  3.8.4. 

dimQAo{W)  = dimQAo{N)  x dimQAo{M)  x |I/(A^)  r\L{M)\, 
dimQAo(M)  = dimQAo{0)  x dim.QAo{P)  x \L{0)  n L{P)\. 
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So  whenever  we  apply  the  theorems  of  Section  3.7,  we  do  not  need  to  worry 
about  checking  the  dimesions. 

We  divide  the  proof  into  a number  of  cases. 

Let’s  first  consider  A G DP^ . We  have  and  Q((/?^’®)  = Q. 

Consider  the  group  pair  (W„[lWi[+l,  +1,  +1,  —1,  —1],  H),  where  H is  the  ker- 
nel of  e.  By  Corollary  3.5.8,  A :=  EndQniN)  is  a CSGA  of  odd  type.  Let 

A ~ Ao  = Alo(iV) 

Z{Ao)  ~ Q + SmQ,  S%  = dt’®  e Q^ 

With  the  notations  Sn,  Sm  = Jm  of  Definition  3.8.5,  by  Corollary  3.7.5 
we  have 

AoiN^M)  ~ Ao{N)®{Jl„S%Sl)<ZCAoiM){SM) 

— Aq[N)  0 ®^Aq(M){,Sm) 

~ ^o(A)  ® (2£i£2,d)  ® C'ao(M)(5'm)- 

To  be  specific,  we  distinguish  the  two  cases  2|n  and  2 /n. 

If  2 /fn,  by  Lemma  3.8.7  we  get 

Ao{N0M)  ~ To(A)o(2ei£2,d^®)(8)(-l,-l)(’‘^')(2)  (1,1)2 

®Q  (\/-e,(-i)CJ‘)) . 

It  then  follows  from  Theorem  2.6.2 

= (-l,-l)('*r)(2ei£2,<V?’® 

in  Br  (Q(x^’'"))  with  Q(x^’^)  = Q f j • 

If  2|n,  by  Lemma  3.8.7  we  get 


A„(N<SM)  ~ >lo(W)®(2£i£2,d{’‘)®(-l,-l)CJ‘)®(l,l)^ 

®(£2,(-1)“'"). 
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It  then  follows  from  Theorem  2.6.2  and  proposition  2.5.1 

in  Br  (Q(x^’^))  with  Q(x^’^)  = Q- 

Next  we  consider  A G DP~.  We  have  L{N)  = {l,ff}. 

Consider  the  group  pair  (VT„[lWi[+l,  +1,  +1,  —1,  —1],  H),  where  H is  the  ker- 
nel of  e.  By  Corollary  3.5.8,  A ;=  EndQniN)  is  a CSGA  of  even  type.  Let 

A ~ [V^'\o,4\Ao  = Ao{N), 

Z{Ao)  ~ Q + iQ,  = 4’®  6 Qx. 

It  is  easy  to  check  dimQA  = 2 x diniQAo.  By  Corollary  3.5.15  T>q  can  be 
chosen  to  be  a quaternion  algebra. 

With  the  notations  5jv,  Sm  = Jm  of  Definition  3.8.5,  by  Theorem  3.7.4 
we  have 

Aq{N  <Z>  M)  ~ < Ao[N)  ® Sm  > ® Cao{m){Sm)A  ® Jm  ^ 

~ A®  < 1 ® Cao{m) (Sm),  i®  Jm  > 

since  < Ao{N)®>Sn®Sm  >—  A,  this  follows  from  the  fact  — 1 and  Theorem  2.5.6. 
If  2 /n,  by  Lemma  3.8.9  we  have 

Aq{W)  ~ a 0 (-1,  -1)(  4 ) (g)  (1^  1)2  0 ^_^2(-l)(  2 ),  -2eie2do’®^  • 

It  then  follows  from  Theorem  2.6.2  that 

~ (-1,  -l)("tO  (^_e2(-l)C^^),  -2eie2do’®) 

in  Br  (Q(x^’^))  with  Q(x^’^)  = Q- 

If  next  2|n,  by  Lemma  3.8.9  we  have 

Aq{W)  ~ A0(-l,-l)("4^)0(£2,(-ir/")<8)(l,l)" 

0Q  -2e^e2dl'\-lYP\  . 
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It  then  follows  from  Theorem  2.6.2  that 


~ (-1,  -l)("t')  (£2,  (-1)”/')  V 

in  Br  (Q(x'^’''))  with  Q(x^’^)  = Q f • 

This  completes  the  proof  of  the  theorem.  ■ 


A,0 

0 
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